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(x,y; u; p,q) 



f on D 



is a n«iber of; i*e* belongs to. 

F la the sat of all ordered x>*l 2 *s (^$ 7 )$ 
(polr.ts) for rhlch 0 x ^ / and 
O^y^/ . 

f la a '•enb^'r of the class of l>ir.ctlo«s con- 
tij%tous on the set 

g is a -aember of the class of sanctions con- 
tinuously differentiable on the sot H# 
(and siellarly for higher decrees of 
differentiability. ) 
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where ^ Is a parsj^eter alon^ a path. 



r belon^rs to the closed Interval, 0^x=^/. 

Impllea. 

l»plies and la l»nlied byi i.e. If and 
only If. 

a sequence of functions g^,(A* 1, ?,•••), 
of ar»«j!9ents (x,y; u; p,<j). 

the sequence conve' ges polntwlse on 

the set ^ to the function f. 
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CHAFISR I 

iBTnoD;;cTioii 

The purpose of this peper la to present a nuaber of exist- 
ence theorese pertaining to a class of non-linear second order 
partial differential equations In t«o independent variables of 
the general fora 

(!•!) P(x#y; u; p,q; r,a,t) * 0, 

share 

(1.2) P * u . q * u , r * u , a * u and t * u , 

A y yy 

in Che usual notation* We restrict our attention to those pre- 
scriptions of initial conditions for shich integral surfaces 
exist such that the equation is of hyperbolic type thereon* i.e. 
the inequality 

(1.5) - 4 P P^ > 0 

a r t ^ 

sMst be satisfied on the integral surface in a neighborhood of 
the initial data. 

E. PICAFvD (ll,[7j\ S. CObTtSAT (0). £.E.Levl(9], H.Lt«y[10j* 
J. hA^A^DUll. M. CIH^U1N1-CI0RAR1OU2]*[13]* and others have 
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developed •xlatsnc* tb«or«iM ba»«d on th« mthod of auecosaiv* 
approx! mat Iona* Thalr concarn baa bean to aatabliah aufficlent 
condltlona for tba axlatenca of a unlqua solution. Retaining 
thalr reatrictiona on the initial data« «o shall obtain sufficient 
conditions for the existence of at least one solution. The Inte- 
grals of the equations «e consider will not* in general, be unique. 

The concept of characteristic curves in an integral surface 
plays an ioportant role in all work in this field, ^e give two 
definitions of a characteristic curve, the first applicable when 
the curve is expressed in non-paraRStric fore, the second when 
expressed in paraaetric fora: 

Dafinition 1 



where h£C*(rc,d]), is a charaeteriatic basa curve (character- 
iatic projection or, by usage, charaeteriatic) for a particular 
integral surface J: u*u(x,y) of P(x,y; u^ p#q* r,s,t) » 0 

for each (x, y) 



Definition la 

s re [0,1] and where x,y e C* ( [0,1] ), is a 

Cy*y(r) 

characteristic base curve for a particular integral surface 
J; u a u(x,y) of P(x,y; u; p,q; r,s,t) » O-^^^for each re[o,l) 

r 1) ^ ^t*^ * 

[a) ^ ^ ^ ^ 0. 




(1.4) 



F dy^ - F dydx + P^dx^ * 0 
r^ 8 t 



( 1 . 6 ) 
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Under either definition T le rectifiable and poaseaeee a 
continaoual; turning tangent (aee C« J0.;DAIft6]« p* 100)* Ihe 
two definitloua are equivalent in the following aenae: Ve leay 

convert expreaaed in non-paraaetric fom into ita paraaetrlc 
expreaeion by aetting x •'T, y « g( Z'), or x • h('^), j » Zr as 
the caae say be. That the converae la poaaible followa directly 
froo condition 2) of Definition la and the lapliclt Function 
Theorea* For, auppoae at a point (x(^<»)« of ^ that x 0. 

Then in a vicinity of x^ « x(^) the inverae relation T- tT(x) 
exiata and we aay write 

(1.6) 'Y' : y * y(T(x)) » g(x). 

Slailarly^ where f O 0 we nay write 

(1.7) ^ * X * x('2^ (y)) ■ h(y). 

By condition 2), one of the two repreaentationa (1*6) or 

(1.7) la alwaya poaaible in the vicinity of each point of 'Y' . 

Definition 2 

r X • x( r ) _ 

V : \y * yi Z ) for ^ (0,ll and where x»y*u e C* ( (0»1] )» 

(.u * u( r ) 

a apace curve lying in a particular integral aurfaoe J: ua*u(x«y) 
of F(x,y; u; p^q; r^a, t) * 0, ia called a characterlatic curve in 
the Integral aurface J the projection of P onto the xy plane 

ia a characteristic projection for the integral surface J« 
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Und«r 0 uit«ble hjpoth»oes« by vlrtu« ot tb« hyperbolic condi- 
tion (X«3}» for any Integral surface J: u*u(x,y) of f^(Xay;u;p«qj, 
r, a«t) * 0^ equations (1*4) or (1*5) detersilne two one parauMter 
faallies of characteristic curvee lying In the Integrel surface J* 
i^aotly one oharaeterlst ie curve frosi each fsaslly passes tt>rou£h 
any given point (Xq* integral surface and« 
moreover# the cor x*e spending tso characteristic base curves do not 
have a common tangent at (^q$7q)* 

Along atiy curve# eharacterlatle or otherwise# lying in the 
Integral surface 7# the following etrlp# or band# conditions 

(1.8) u « pi ♦ qt 



must be eatisfied. 

The modification of Definition 2 and conditions (1«8)#(1*9) 



, fx*«{r) 

S J { y*y( ^ ) for “zr e [0#ll and whsi*a x#y#u#p#q e C*((0#1])« 



( 1 . 8 ) 




when the curva P Is expressad In non- parametric form 1s obvious. 



Definition 3 



U»U( T ) 
P*P( ^ ) 

q*q( r ) 



is called a first order strip for each "Z: e. {0#1) 



( 1 . 8 ) 



d « pi ♦ qy 



Suppose a particular integral surface it u«u(x#y) of 




I 
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p 0 <li r^a^t) » 0 has a contact of first ordsr with ths 
, r*»x('zr) 

strip 3 • Then if \ ) for tre (0,1] is a charaetsr- 

[u«u( r ) 

istie curve in the Integral surface J, the strip is called a 
characteristic first order strip for the integral surface J» 



Definition 4 




r x*x( r ) 

■I y»y( ^ ) 

u*u( ) 
P»P( ) 

q*q( 2') 
r^( 2r ) 
s*s( 2 T ) 
[_t*t( ^-) 



for ^ £ (0,1] and where x,y,u,p,q,r, s,t 

e C»((0,1]) 



is called a second order strip for each 'Z:<e (0,1) 



( 1 . 8 ) 

(l.d) 



u * pl + qy 



1^ * rl + sf 
4 ■ ax ♦ t^ 



If, Moreover, equation (1.1) and conditions (1«3) end (1.5) 
ax*e aatiefied for each zr e (0,1], then 3^ is called a character* 
istic second order strip. 

Aote in Definition 4 that since all the arguaents of the 

functions involved in conditions (1.5) az*e known upon prescription 

of the strip S^, «e nay detex'nine whether or not the projection 

Cx*x(r ) 



of corresponding space curve P 



y«y('2' ) for Z' e [0,1] isa 
u*u('T ) 



characteristic projection without reference to any psrticular 
integral surface. 
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Definition! 3 and 4 can b« readily sodlfied te deal with the 
non-paraoetric caac. Sea, for exaaple, M. CIK<iUZi(I-CIBilAHI0(13]. 

In Chapter 2 «e consider the charaeteriatie initial value 
prohlea for the equation 

(1.10) • « f(x*y; u; p,q) 
and its extension to the systen of equations 

(1.11) s^ * fj(x»y; ‘ii*’****!!!^ 

( 1*1,2, •• *,n) • 

ite siodify the custoeary l^pothesls that f be Lipschitzian, 
i.e. with respect to variables u, p and q, to require that f be 
partially Lipschitzian, i.e. with respect to variables p and q 
only. We obtain existence of an integral u over* the saioe closed 
doaain as that obtained in the classical theory. Our Integral, 
however, cannot be shovn to be unique. This fact is demonstrated 
by an exasiple. $y further example, ve shoe that the bounds ob« 
tained on the doaain of existence are naxlaal bounds. 

In Chapter 5 we apply the sMStho.s of Chapter 2 to the Cauchy 
problem for equation (1.10) and the extension to the aystem (1.11). 
The conclusions are eiosilar to those obtained in C'napter 

The arguments in Chapter 4 serve to establish the equivalence 
(as defined therein) between the characteristic initial value and 
the Cauchy problesis for the systea (1.11) and the corresponding 
problems for a particular aystea of first order partial differ* 
ential equations of the fora 
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(1.12) \ 5 A u * C (I * 

\ k-1 ^ 

«b*re tbe functions of •• • Ths ajatsn 

(1.12) la tartaad a canonical hyperbolic ayaten* 

Thia equivalence haa already been eatai^lished by M. CIX^,U1K1> 
CIBRAHI0112]. Under the restriction that the first partial deriv- 
atives of the functions ^ Llpachitzlan with respect to all 

their arguisentSf she obtains her theorems on the existence and 
uniqueness of the system of functions Uj^ as the solution for the 
canonical hyperbolic syotea (1*12). Ve demonstrate that her rea- 
soning establishing the equivalence does not depend upon the 
uniqueness of the solutions for either system (l«.ll) or system 
(1*12}« Consequently^ from our results in Chapters 2 and 5« we 
are able to remove the above Llpachitx condition entirely and 
obtain existence, but not uniqueness, for ths solutions of the 
canonical hyperbolic system for both characteristic and Cauchy 
initial value prescriptions. 

Following the attack of H. LEjWY[ 10], In Chapter 5 wa reduce 
the equation 

(!•!) F(x,yi u; p,q; r,a,t) * 0 

to a system of so-called chsraoteristlc equations by aaana of a 
tranafonaation to the characteristic base curves as coordinates. 
This system is shown to contain a canonical hyperbolic system. 



4^Mss=sb4 • hm**^ M l**l*4l 
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l« treat the Cauchy problaa, i.e* to find an Integral surface vnlch 
has a second order contact with a prescribed secood order strip. 

By virtue of a theorea by M. ClN^JIfil-ClBRAniO, stated In Chapter 
4* L:i.WY*S work yields Ismedlately the result thet for P g C"* 

In a suitable region* there exists a unique solution u gC*** In 
a sufficiently saell neighborhood of the initial curve, lie again 
deaonstrate that the equivalence of the is*oblets« Is not dependent 
upon uniqueness of their reapective solutions; and* nance* by re- 
quiring siaply that F ^ C*' we obtain existence but not unlquenees. 

In Chapter 6 we treat the eharaeterletlc initial value problea 
for equation (1.1). Ac follow a aodification of H. Ltr.Wy*S aathod 
introduced by M« CINvcUI>ii.-CIx>HAHI0[13] . Here equation (1.1) Is 
first transforsad Into the fora 

(1.13) s • f(x,y; u; p*q; r,t). 

A aodifled syatea of eharaeterletlc equations is obtained* 

Thla eystea also contains a canonical hyparbolic ays tea. The the- 
ores# of Chapter 2 apply and we obtain rasulta siailar to those ob- 
tained in Chapter 5 for the Cauchy problea. 

In Chapter 7 we treat the boundcry valv.0 problesi for 

the oq’jcllon 

(1«10) a - f{x, 7 J u; p*q)* 

i.e. the probleai whore any intarral siirface of (1.10) la required to 
paas throagh two apace curvet lauulng froa a point, with one of the 
crjrvos being a characteristic on this surface and the other 
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cjrv« h«ving o-rv* having rcah«r« a charac 6«: Ictic projection, la 
show that iOr equation (1*10) fehtra !• no lo«a In ganarallty If wa 
ass -r* tb« Initial oata to b« 

(1.14) u(y,0) m M{x,y) * 0. 

Tor f continuoaa, hcintlad and Lipachltcian, »« prove that thera 
exlata one and only one Int^fral anrface of (I.IO) satisfying 
(1.14) on a coaaln for rhlch we prescribe explicit bo'-inds. ^©r f 
eontln-jous, boundad and partially Lipscrl talan, w# find, by arg-jt- 
Qiants analo«’ 0 'i 8 to thoaa used in Chaptars 2 and 5, that there ex^ 
lets at least ana Integral surfaca of (1.10) satisfying (1.14) on 
a dosair for vhlch »a again prescribe the ease type of explicit 
bo'inds. 

In chapter 8 »e consider the characteristic Initial value prob- 
IcH for equation (I.IO) fro« a now point of view. Kere, In order 
to extend the theorems of Chapter 2, wa Introduce tha concept of 
up*'er and lower bounding functions for the solution (or solutions) 
of the problca* This Idea was first used by 0. PEhiiOK to ob- 

tain an oxi stance pvoot for the proble® 

(1*15) y* = f(x,y) , - 7 q. 

-Is proof is quite Lnd' :>ersdent of tha classical proofs. 

vjT-,rp shows thnt ^’^?h0S»s r.ethod has no direct analogue 
^or a 8yste’*> 

(1.1^5) Jl e yp.) » * !.•••»«)• 

He Is able, however, to extend the classical theorem for a 
systers (1.16) to obtain a t^^eorea which reduces to the direct ana- 
lor*»e to the theorem In the case where the are wonotoni- 

cally increasing functions of the arrunents yi»****7Q • 
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oxtanslons to the Shoore^e of Ch«;>tcr 2 which we obtain are 

9 

8?^llar to srjr’~R*a conclcoiors for the lyctew (I*X6)« woroover* 
we dcnnonetrate by exaatple that the PEHEOM Method has no direct 
analo^aie for the characteristic initial value problea for eq»iatton 
(I,!'), 'fe alto fflve an exaaple Illustrating; the theore^rs ob- 
talrfSd In this char%er« Pinally« we note that the Cauchy problen 
for equation (1«10) and the Cauchy and charaeterietic initial 
value problece for the syates 

0 ^ « 'Jl»’**'^n^ 

(i « l,***,n), 

nay also be treated by the cethoda of this chapter* 






f 



mrnm 






M Nip 

tUL»%pJ ^4fi 




mmr <Mtv> mm $tm 

M#k*l ‘*-—11 



r ^%L 9 mu 

1 



4^* *r mmnt gm n jm»m 



< '• 



I * 4 |r 




11 



CHAPTER II 

The Characteristic Initial Value Profcle* for u 
f(x»y;u;u ,u ). 

* y 



xy 



For convenience of reference we first state the following? 
theorsAf whose proof is based on the rsethod of succesclvo ap» 
proxl mat Iona. The proof of existence was given by E. PICARD 111, 
while the proof of uniqueness may be found In E. KAVKE \_2~\ p* 
410. 



r 



TheorcH 1* 



1) f<5',y;u;p#q) ^ c(3) 




0 X ^ 

0 ^7 ^ 

-a ^ u ^ a 

p 

so 

2) f la Llpschitxlan on 8; l.e. thore exists 
X a positive constant K such that for 
(x,y{ U3^jpj,c|j^) a a, (x,yjUg;pg,qg) a B j 

lf(x,y;ai;pj,q^)-f(*,y;ug:pg,qg)l ^ K + iPi-Pgl+IOj-Oj 

2) S /,/-< a, 11 /,< b_, m /o^b , where M « max If 1 on B* 
i 2 i ^ S X 

4) There exists one and only one function u(x,y) e C* (R) , 

ro ^ X < /T 

ti_»(x,y) € C(R) , where f? :1 , such that for each 

tO^y^/ 

(x,y) € R the point (x,y; u(x,y); u*(x,y), u (x,y)) e. S, and 
Uj^y(x»y) = f(x,yj u(x,y); Uy{x,y), Uy(x,y)), u(x,0) « 0, 
u(0,y) r 0 for each (x,y) e R. 
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naaarks. a) Surpo«* w# prsscrlfca u(x,0) s U(x), u(0,y) • V(y) 

where 'J(x) & CHZ0,/{J ), V(y) ^ C»( Uo^/^'] ) and (0) « V{0). 

ConaJdar tha fur-ctlon w(x,y) z U{x) + v{y) - t?(0). Claarly, 

a lx,j) - 0 and w(x,0) - J(x), w(o,y) z V(y) hence tha function 
xy 

▼ • u - w mat aatlafy ▼ - ^(*»y* ▼ + aj v + a , ▼ -t a ), 

X ^ y 

a(x,0) r a(0,y) z 0, a problem of tha type covered by Thaora* 1. 



b) Suppose fee, bounded and Lipaohltalan In the 

' 0 < a ^ 



domain it* :J 



0 ^ y ^ /j 
-co<: u < 00 

-<D < P 00 
-00 < Q < 00 



Then hypothaalo 3) is IsKedlataly 



satiaflod. 

Following an approach uaed by IS* JTJbLEF p* 632, In 

dealing with a ayataa of flrat ordor ordinary differential aqua- 
tions, ae are led to thla laprovaatent of tha above theoreaj 



*^eoreg la* 1) 

2)* f is partially Llpscbltalan on s; l*o* there axista 
a positive constant S such that for (x,y; u; p^,q, ) e B, 

(x,y; uj PgfQg) ^ [f(x*y5 u| - f(x»y; w; 






3) 

4) * There exists at least one function u(x,y) g; C*(n), 



^C(r), where ?:) J- 

^ Co ^ y ^ /o 



such that for each (x,y)^R 



Ttft Im 

.ilir •,%«»• Am U»r tl i|VtI1*«*Ati. IM 

tlllU > Ul*t A, rn*~ii<l ,ml i<i I r 

itir « kif«i* ,A*<i • ^ • , 1*,!,^ 

►V '• • • ^ mmw-^rn • 



• '4*« • <k«w* 




t* • •# i t(% 

4* '• f-jnet M* apaa 1 mtHtum • 

•• * I »%»• •• 4 i |».a» 



t !^«4* » 
• AMP «•• AM» 



tfti 

^ w*-*c Ki •(TAAa MMP •«* ^ 
• * • ^ 
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tho point (x,y; u(x,y); u (x,y), u^(*,y)) e B, and (x,y) « 

X j xy 

r(x,jrj u(x,y); u (x.y), u (x,y)), u(x,0) m 0, ti(0,y) « 0 Tor 

X 7 

o*oh (x,y) <5 R. 



Proof » According to WEIERsnuSS » c«l«brated thooroa p* 1147, 

on polynostial approxisations to a contlmous fanctlon, th«r« axlata 
a aaquanca of polynoaiala, (x,ypi jp,q) , converging unlforaly 

to f(x,y; uj p,q) on B* doalgnata tbla nnlfona converganca by 
tha notation on 8* 

Se axtand f and the polynoaiala , (A« 1,2,***)* over 
the docaln B to the doaaln B*, defined In the rerMtrk b) above, 
by the definition 

f(x,y; oj p,q) * f(x,yj u; p,^ 

6 (x,y; UJ p,q) s s (x,y; nj p,q), ( - 1,2,***)* 

{?•!) where 

u • u if -a^u<a , p * p If , q s q If -bg^q:^b^,. 

uralf a<u psbj^ifbj^<P qsbglfbgc^q 

u s-a if u<->a p if q 



If 






?roK this extended definition wa eea that |f I4 M in B*» Since 
there exiats a constant L'>0 auch that 
in 8» and for all )\ • The farefona g. , (A* 1,2,***) are uni- 

A 

foraly contlnaoua in B», soreovar they poaaaas bounded difference 
quotienta with respect to the arguaenta u, p and q everywhere in E*« 



Hence In P*, for each function there oxlota a conatant 



such that 



^ 0 • <^»V» *9 • |V(f»»*^ • f ‘r**** 

^9 <• A>b 



V ■ li^ W MI » ^ **> bU# U*4 1^ «^««f «# 

fi 

iM IP miOi 

• I* ^ itv** J • ^ t 

wram ff.tl 



^Vef #|^>« f 


■/»«^j*> n «»9 V 








|i if 1 




ti^vV 




,»>^M (»«% 


ip»-t 


tf Mt 


»» •»•■■*««'«* 4«« 


1 a» ■ ilfr^t^M 


tai« «4i» 


wii 



14^^## frt —i • ^j|, 

^ iH HPiiMn iv » A.il^%i^ tl|*l 




^0mX 



fil#» 
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(e.e) |g^(i,T: p^.o^) - g^{x.y; u^; *X^l“l-“2l-‘lV'’2l 

+ i'»rsl] * 

Ttiua, by Theor«a 1, to emch g ^ thore corraapondt one and only 
on® function u^(x,y) e C*(B), C(R) satlafylng 



(C?.S) 



u^(x,0) IT 0, ^ ^ 0 ,j) r 0 for each (x,y) ^ R. 



We say exproas tho charaotarlatlc initial value problem for 
each In the fora of an equivalent Integral equation 

(2.4) Uj^(*.7) =^*'»s[gex '^'‘ 2 ' 

By differentiation. 

We now show that tho aequencee * ^’-^X y^ 

are each unlforsjly bounded and equi continuous on R. ?or the ae- 
Quonce thlo follows dlr-«ctly fron the Integral expreeslon 

(r.4), for, given x, x^, ^ 7 t Tj* ^ » 

(2.7) \u^(x,y)| ^ “ /j/g » s 1#2,*** ) 

(S.3) \u^{Xj.7j) -P^Ug,7j)|^ t-lV*s\ lV^2l+ ^ ^2 1 V*8l 






A «■» •(• («9I/ * •• • f • 

I m^m itom •it4. ~ ~ 






iPV! ^ ** 

#11* »V* 



f* *» *i»^V 

« « • A 

^ IH* . ib^! V«i* *♦*•1 •<; *xCt’'***V* '•••' 

) <ilP( •i**W **K*i 









• IfWi • ^ )^ «« *«» •• 

I ••*•••1 »j4T »T |[^^|^| 1*1 J r 
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Th« uaifora t<^jnd*<2ne»8 of ^ ^ and of folloir 

directly fro« (2.5) and (2*6), reopeotlvely, for, given (x,y) e H, 

( 2 . 0 ) I ^ ^2* (Xr l.£^****) 

(2*10) ^ ^ (Xr l*2#***)* 

Wo bait the proof of the oqutcontlmity of the fanctlona of the 
seq'uexw:#. upon the following two le:s3aa» tho flret of which 

ii due to T. II. GHOFR-ALI, 1[53 • 



LeaKia 1 . 



( 2 . 11 ) 



1 ) 

S) 



z(y) ^ c( lo,fJ ) 

0 ^ 2(y)4^^(K2( ) + A) d)| 4 B for 

where V, a and 5 are eonttanta >0. 



(2.12) 5) 0 ^ 2(y) ^ (a/ 4 - T) for y a • 

yeraea 2. Given ^>0, there exist S , a positive constant 

depending upon ju, alone, and I, a positive integer dependlr^^ upon 

alone, such that whenever (x, ,y) e R, (*«»y) ^ R» 1 3f,*3c 1 ^ 

* IS 



and A 


>5. 


(2.13) 




where 


K la the part 


Ass’orse, for the : 


of the 


functlone u. 



0 ' 

+ A +5 



if wo lot Z(y) * [ any particular A>*, 



^ ^ !^.l «MO 




,^»^» t<r tiMi 



f «*fHM 



*****^*^^A* •JL-* «{K«t. !»,' 



mtt ki< •» 

#nf% « 




«9 • t U 4^ 



'<1 

4iiiMr^].i!i0l AC •• 

^ ^ W 

to ftto* ^ Iftc- 9 •• 



iri«ii 

lUwIt 



»«■*» t**»nm • , i MM !•««» ^ - 7^ *c mm s£.dMl 

:fitl^«ll^ MMM tM 4M» .MiSl 

f < < Mi 






«i» it^n 



^ # «A » 






•-— i<T ;. IW«W 
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w« have Icnadlately that for > 

2 1 

«r ^ 

Suppose (x, y) aJi, (x^,y ) e R, than certainly (x ,y ) 

1, l 2 £ 2 1 

and 



(2.15) \»x,,<V='2>'"A.x<’'i'^>1 ^ '"A,*<='£'’’2>-"A,*'*2'=^1> 

+ l“A.*'vyi^'"A,*'vyi>l * (A= 1.2.-" ) 



By (?»6) we have that 



(2.16) ^'Vh' ' >• 

Inequalities (2*14}, (2.15) and (2, 16) yield iTnaiedlately the 
cqulcontlnulty on R of the fiinctlona of the sequence ^ * 

for, given £>0, we first choose JA> o end q such that 

(2-17) J^ + S ^ 2e^'^2~ ' 

and let ^ and K he the corresponding constants given by Lenna 2. 
By the uniform continuity on R of each of the functions u» , 

A^X 

there exists a positive constant ^ , depending on e alone, such 

H 

that 

(2.18) 1"x,x**2’^2*'“A,x**1’^i’ 1'^^ ' ( A s 1.8,*“ » H). 

Sotting ^ Q r inin(^ , S pf» obtain 









;ii 






' tl^rl^l -S' f'» •••-- 

• .» » (^..,•1 . JS IJ(^I «*-.--i 









r • «■»' mm f i ^ ^ 



••I 



’•* s “ • • -' f*i* '* -‘I 



• I • f < »l 



i • 



■I fAI ^1 •mm ,li* t.«f ••*< «ri 






(V 



• !•.; 




;fl 



•.I 



-•f •— %/, > 



-V -3 I. ^ mm^ ^ 
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'V*aU^o ^ 

(2.19) t for Xz 1 . 2 ,*—,II,K+ 1 ,*" 

Proof of L9manL It Lot I!(y) r • w{y), without loos for ws rjR.y 
sloaya choose w(y) r s“ • E(y)* w(y) e C( ) and hsncs at- 
tains a aaxlwuB thereon* Lot occur at y » then 

0 ^ e^^»(V|^) -hA) d)| + B 

lo** +-A ,^+D 

Th:is O^w ^Ay, + 2 ^a/ 4-S and hence 

tSAX 1 

0 ^ 2(y) ^ (a/ + B) for y e Uo,/] • 

Proof of Le-asa 2: 

“a'VV* 

“io '‘a'V'I’* '■*a,*‘v'|>' 
"a,:/<V1>> 

-"5ot''V'l« "a.x'V'Z’’ 



(2.20) 



< 



,A •• , <»i,w 

tm m « *«.| 4.^i» • **• T Nil im II «MA 1* 

-Ifi* • • l|.i« t^r -4r r^»»^ 

* f j»* U I I^k P% *”*■ 

• f,^» ► r**^“**f2*^* 

f ♦ jt 1 , 




X 



1^ X % 

' • V» 



t 




‘yv'vu* 

••K'S.i* "#*4V» - 



l**M»fv-',.i- 







< 
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(?. 20 ) 

( Continued ) 



"A.y‘VV> 



u. (x, ,1^))J d(^ 






( X a ). 



Since on D», given ^>0, there exleta & positive 

Integer S, depending upon ^ alone, such that for X>H, 

“a‘VV' "x.*'vV' "x.y<vl?>’ - 
‘■'VV '‘X,y‘’'2'’?>0 -s'?' 

By hypo the el 8 2)’, 

(2.22) D-fv*?! “A<v'Z’’ "a.x<’'s>'2>' "a,t‘**’V^ ■ 



• • 



mZ 

} ^ f t i.r 

• ’M' ■'*• 'f«,*'*‘J!/- 

• T*. ■•/(,■• ■ 



, ▼ ' 






iH 



i A ' 

• » ^ 



•M’;' i‘ ’ r T'”, 

'- J • «,i 



*» • a I 



{ to . 

( J- f V / 






*1 »u-s.jj ,'f t 









,al 



I -( . I 






-***‘fV..* "iV'4* 

v^.^- T 

‘'ii*i*’..t'* •'i*f Vi‘ ''S’* "/■' j-/, 



:'* .n t 






1 1 



j ■ P* 






k 1 



S'.* '.t* ' h®'a' 
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(g^gp) . 

(Contlm«d) ' 

^’'5o ' "A.»‘*1'^>1 '*'! ' ) 

f.lnce f la unlfor»ly contln'iouc on th« function* of the 
eequence equlcontlnioua on R, and {u^ " 

u (x.,h)j^ t I x^-x I , (\r !,??»•••)» it follows th«tt given /C > 0 
thore exists a positive constant , depending upon j)u alone* such 
that for I • *j, 1 S • 

(2.ra) U^{x^,»[), "a.t'V*!” 

- ''*1''!* "a'*!'*!’’ "a.*'*!**!’' '‘A.y'h'^’O 

( X z !»?#*•• )• 



Therefore, froa (2.21), (2.22) and (2.23), by virtue of (2.20) 
we obtain that for X > H and |x^ - Xj^|.ii^ , 

(J.13! l«;^,,(Vy)-a^_,(Xj,T)l-^ o ^"A.x‘ V V * “A .x'h'^ >1 ‘*'2 

+^+5 



thus v*rlfTlns Leiaraa 2* 



Tlie proof of the aqulcontinuity of the functions of the se- 
quence ^ follows precisely the ssbc steps as that for the 
..,uenc. . 



•e now invoke the well-known theorem of C. AR2EIA p* 1144s 
"Given a set P of functions f defined and continuous 
on the closed bounded set A, then the necessary and rufflolent 
conditions that each sequence off.mctlons contained in P possessea 



I 






PV* • '■ • I 



i' ‘ dV 



) ^ •• •» » 

♦ * 

jV-yb mMr mm * ^ r:*/' . '* .^ r # #• • 



y i e»“ A t 4 ^ J t /,# 

i ^ . I I I •* 



. - 
f-.- »,t* •?=/ oj; ; ' 

c* •• •*^of 

<C5 it ^1 r: . --•’i V 



• J - , 



i* V ♦.,•?. r 



^ 


tSEi •*- y. 


*i \ 4* ‘ ^ 


^ I ▼ ) t 

^ •!. 


•Ir**'«''w. ■' 


* 


-4 


■* 




4 "M - 


,.f m 


«4> , 



"" r^'- - » ■• . W~ 

-m* v«^ aA’^j »• A.*r>i -sr 



• •» • f • • r« 

>f%**- — »jr-‘^ f i' 

• k '*‘ ■»' 

> ‘ . 



0 (^ . 4 . » ««» — -I / . 

to - . * • I n • • ^ J 



f » 



’ i 






• • 
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a. »jba«q'icr:c5 uniforaftly conYergont on A «r« that F uniforaly 
bo-vjnded and aquloontln-joaa. • 



Bj Th»or«» 1, ther« oxiats a unlqua trlplf (u. ; u. ; Uv .) 

A AfX A#y 

eorraapondinc •«-cb \ • iioco any aubaaqaonca or a 

xiniforaly comrereont aequarca la llkawlao unlfoncly oonvergant; 
and, ainca any axibaoqiance of a uniforaly bounded and equlconticuoaa 
aaquenca la llkswiaa uniforaly bofundod and equleontirraoua; there 

of the sequence such that the 



exists a subsequence ^ S 
corresponding seq'.'.ences 



(^.«) [u V. -m,. 

afhere 'i, t, w e C{H)* This results fran the followirtg auceosalve 
axtraetiona of subsequencea t 

la equlcontlnaons and uniforaly bounded on E, hence 
there exists a anbaequance ^ of ^ uniformly cont?erg«nt 

os H. 1 la eqjicontlna,i^ii and uniforaly boundad on R, henca 

V. A#^) C P ~) C 1 7 

thsra sxista a subsequence uniforaly converg- 
ent on n. is aqui continuous and uniforaly b<^unded on R, 

henca there exists a subseq once ^u* of xanlforsxly 

conYcrgar.t on R* But, by the one-to-one corraapoxidanc# mentioned 
above, |u* ^ Is a sabsequance of whllo ^ ^ ® 

subsaqaonc© of ^ and ^ each uni- 

foraly convergent on H* 

r 0, 



Writing, »lth the notation u —u 

0 0,x 



0,y 










^ X M wit ^4 •# p 















•4i^ •am « • ^ •• ««yb 



1* 



A- 



* j 

k>i *• K’i^l 



^t. 4>*^f^ 



it«i 



5 Jfj • k>f. 








21 



(e.25) u* r ^ -,"^1 1 J» 

X k«l “ ^ ^ X,x k,i iCfX k-l,x 



♦ . ♦ 

“ k«l 

u* s^(u* -«• ), (Arl,2,-0, 

A.y v-i k.y k-l.y 



w« sat th*t tht conditions for dlfftranilttlon undtr tht sutaKstlon 
tlpn for Infinite series are satisfied by (2.1?4) and the fact that 
u^ec»(R)> (X»l,2,***). Hence 

(2,26) y(ac,y) rn^(x,y), w(x,y) a u^(x,y) for {x,y) eR 

ks shoe that the function u sc determined saiisfles the 
Integral eq’-iatlon equivalent to the original c^iaraoterlstlc initial 
^alue prcblea, i*o* 

(P^r?) U(*,y) «sr 

for (x,y) € R* 

?or any X # by (2*4), 

(f.S3) |u(x.y) 5o‘*^ 

^ \u(x,t) - a*(x,7)l+^’'a|^-' I f(J ,1lt u(g »^)S 11^(5 »^)» 

^ ^ -'i’* "a.*' ^ "‘"y* ^ 

-S^c t u‘x< ? 'V ' s >v> ? -V> 1 n 

Slno* ^S*l f on £', gtvoa <£>0 sod 

(x,y ) a n, there exists a positive Integer depending upon € 



alone, such that foz' X # 



u— .i.At 

m§ %« i«ial ^ mmnxfik0 fm ««• •#•% 

* _ “ »■ a a •(>>*.■^•4? «!!•*>«•■ 

^ iMi^# 

UJ n m$mum m ^Sm m 

49%mfmumim CMium mt #». —qjtiKi 

vaBIB 

^Ati pi .<j>.f y up» ju f fi 1)^ 

•« ^ lx«*r! 

(f^i ^ « / p« «« 

V KV*iy *<A jiu* j» tfiAl 

f ^ j>* *pi j»^i 52^<^» l»«<^ • 't-**"/ ■•* 

- '«#^V 

lU M,,^ ui*.; i(* »j!u < wj/ 3-C/^ 

?♦ J'»K*0 1 1> 



{2* 29) 



(f.30) lft|: •'[s “•( I .*[)! «'l>* '\,y(S .y) 

* 

Xor«ov«r, »inc« f S» unifonaly coafclaaou* In 2» »hil# ^ 

1 coii7*rg« -aifor»ly on R to u, r^fipoc- 

tWfly, th«re exists a posltlvs integer dopsufSlng on 6 «lon«, 
a ;ch that for X > 

4* 

-ft s .\} n\( t.'i); i .1) n 

<e . 

Intro«2’ioing {2*^), {2,Z0) and {2»Zl} Into »ft ottaln 

that for \> aaz (J? . 1? ) 

JL ^ 

(S.5S) \u(z,y) “yts 

iijt £ i# arbitrary, hones (2#C7) la verified for each {x,y)6R 

We cust verify the one additional fact that for each (x,y}eR, 

(x,y; n(x,y); u (x,y), u i^,j)) ^ 3p Instead of Just belonging to S«* 

y 



I lf(i .\i ys .iji) 



(S.Jl) 



^ m 

MW ^ m mimmm m — » **vrmt $ y*'«t w«* .fW»i« 

lk^}l^*«M. |«,«<li]C^W •5M«| 



yW ^ il***?^ ••» CW*4 «• (W««f f 1M>** »■<■ *■■■« 

*'■ 1^ ^ w» .*w 

ly l»(Vli»4> **?’*^<^* *t.*Jfc? ••Mr! 



4<vM ^ •» 

►V M #t4^#M 



f|l -3 

^ ri»»»r «»«» ^ 
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By <lirr«r*ntiatlon Trot'. (2# 27), 

r y 

(2*33) u^(x,y) a(x,y); u^(x,\^)) dVj^ 

(2«34) u^(x,y) s ^ *y)* ^ »X) ) • 

S«nc*, froK the extended definition of f, (2*1), end bypoth- 
c el e 3 ) , 

(P.S5) ju(i,y)| 6 f Q *'2' “y*f »'^))1<5 

" 4p^ 

{?.3f>} -(x,^); u^(x,^j), u^(s,^))|dlj 

^V/^h 
*2 I 

(2.37) 1 *7'* *yJ* »y^H 

tbue cojspletlng the proof of Theorem Xa. 

PenerVca a) and b) to Theoran 1 apply aa well to Theoreai la. 

Ty who folloiring example we abow that the Intojjral mirfacea 
for Theorosi la are not aeoesaarlly unique: 

Exa»gple 1 Consider the charaeterlatlc Initial value problcs: 

JL 

(2.33) u • lul' J n(x»0) » u(0,y) • 0. 

xy ‘ * 

riere f(r,y; uj p,q) « |up *» contlnucu* for all u but falls to 
satisfy & Llpschlts condition on u at u s 0. Theoron la ap lisa 






I* (*u=. 

« IP •»»» J'^ •!»• ^ V ****^'* •►•41 

(if aVU 

Iff I f (•«-*( 

■- 

f «|l(f •< »tM- (»*^> 

“# T" i* 

Of H*li^ 3 V •••• iif*t« (Ml 




«•■**« MtM MW«t «(MI««m» •« «■< ImO Lat^S 
•S “ • (^*i» % ^|tf • > 

•• •••^ «•'•!(»••( «w«a>^5< *f|(i- !■.# »• nJS» 

*#r«-M d I » ^ Ji ■ • Ja « «• • fktMto 
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to insure existence of a solution in a sufficiently small neighbor- 
hood of the origin, nowever, at least two solutions , valid for all 
(x,j) in the finite nlane, are directly available. First, u * 0 
obviously satisfies. Second, if we seek a solution u satisfying 
1) u > 0, 

11) there exist functions X, Y such that 
u(x,y) = X(x) • Y(yh 

that is, by the method of separation of variables, we obtain Immo- 

dlately the solution u(x,y) a x^ y^. 

16 

For purposes of llliistratlng the various situations that might 
occur, we give tho followli^t 

Example 2 . Consider the characteristic initial value problem: 

(2.39) z 5 u(x,0) = u(0,y) J 0. 

1 

Here f(x,yj u; p,q) a (p) is continuous for all p but falls to 
satisfy a Lipschlta condition on p at p «■ 0. Since p(x,0) s Uj^(x,0) 
s 0 neither Theorem 1 nor Theorem la will insure existence of a 
solution over any domain including a portion of the x axis. Such 
solutions do exist, however. One is u 5 0. Under the assumption 
p s u >0 we obtain another, for now 




Since p(x,0) s 0, r 0 and 



4 U -tm WH ^ «*•»» •» ^ 

« S A «MI* *t» ^ «f It^t 

•a*VU***>AA4WM<* 4 MM V tAWMMV «9*«Mife 

^ ,5 it • <1 

«*i9 • •€ m^krmgf «<iwa {lit 

llf^r • !■•• t lW«li 

il«M m 99 99^9irm0m U M^«v « V# «iif t 

^ » I ^ 

mM 99 1^ tmt mthMiwmC^t 

^ ftlm« 



•O i lT^0^ f4k«lt {9I^^^P| 9 ^V 
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es 



p 

p : ox*. Integrating, 

U * + «S- 



Since u(0,y) r 0» Cg s 0; end! hence 




ia a second solution valid throughout the finite plane. 



In Exastple 



P consider the fsinction 
0 for 







for 



X ^ 0 
X > 0 . 



u Is contliiaous for all (x,y) and satisfies the Initial value 
o 

probloiB (2.39) evei*ywher« except along the y axis, where for y ^ 0, 
u^^(0,y) does not exist. Roughly speaking, Is a continuous 
integral surface of probleai (2.39) having a jump in the norsaal 
first derivative across a characteristic* 

Tor equations meeting the eontimlty, bourKSedness and nartlal 
tlpschltr reqj5ir«!B*nts of Th«»or«!r- la «« cannot eiateh Intecral s-.r- 
faces ill this above faahlon to obtain first derivative jusjps scroce 
characteristics. This follows froa the fact that if v« prescribe 
ufa,y) s V(y) e C»( tO,/g'l ) along the cbazacterlstic x»a, 
a G * then 



(?.<0) r py(ft,y) r ^(a,y; V(y); p(a,y), V»(y)) 
[P(a,0) 2 0 



represents a first order ordinary differential equation for the 
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unknown function p r point bo'indt.rj condition. Tti« 

condlt’ona that f bo co tinuoua* bounded and partially Llpschltr- 
lan ar« aaf'iclant to Insure the axi stance of a unique dotansina- 
tlon of Uj^{a,y) for y e that in Exaspla 2 tha func- 

tion f was continuous only and hence the detarffliroation of froo 
the above ordinary differential equation was not unique, thua 
adralttlng the possibility of a juasp in u^. Tha conditions for 

the datorainatlon of u along a charaotarlstlo y • const, are 

7 

alssilar. 

The above rcaarks serve to permit the extension of the docaln 
of existence of the Intecral ourfacaa of Theorests 1 and la froa 



R to R*t 



r ^ X ^ 






-/j ^ /j 



The arguments for tha existence rraiy 



be ’^da applicable to other quadrants than the first by sera co- 
ordinate raflectlone* S^oreovar tha integrals obtained In tha 
separate quadrants oust bav<^ first order contacts with each other 
along tha coordinate axes by the above roasonlrtg fro-^ ordinary 

differential equation theory. Hence we »ay obtain existence and 

^ replf ■ ' " 

uniqueness over the don -in It by/B 



placing r -A ^ X ^ / 

by n*i ) ^ 1 

\ ^ 7 ^ /o 



-a < u ^ a 

_-bg ^ 1 6 bg 

in Theorem 1; and wo obtain simply existence over n* by replacing 
*5 by B* in Thcores la. 

In the classical existence thoore* for the ordinary differen- 
tial equation £7 - f(x,7), ith y(0) r 0, the conditiona that f 

dx 
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i O ^ X 4 A m-^x 

t vlth 1 :/lfl on Cp vertt ahovn to 

-b ^ 7 ^ b 

b« r^fficlant to insure exietcnce of at least one integral curve 
7 s 7(») for X with 4 «ln(a,^)* This bound, 

nln(a,~), was shown by A. WIJrriTT. UlS^ to be a saxlnal bouixS 

aI 

in a certain sense* We apply hie siethod to Theoreas la in the 
pr-'of Oi the followine: 

The or ©SI 2* 

f 

If, in Theorec! la, we replace B by B*rV 

0 ^ 7 ^/* 

a> 

-bj, 

j-bg<q^bg 

and rsQuire that f be bounded thereon, then hypothesis 3) in that 
theorea reduces to 

3)' «in (/’, j|l ), 

where H s sax (fj on Horeovor, the bounds established by 5)* 

mro xaxlsal bounds In a sense to be explained below* 

Proof » 

The condition * ^ hypotheale 3) is ir^iedlately 

satisfied since a approaches -f oo • The conditions tt /i ^ bg, 

K /g ^ aay be rewritten as in 3)’ and are now the only restric- 
tions on and /^* 



i 



KH.t 

m0m ti ^ M */* •» mm« •!» tA« ^ .<«m » t< 



% 



^ * 1 * 



Ittll •** 



^ ^'***^'*^ »• '» •»**«■»««*<••■«?•• ^ 



If ^ ,(/* 

^ M 2 X 

Por, w« sBcy tak* f{3r,y; u; p,q) « h(x), (s(y))* which function la 

not «ven defln^a for % > ■a ij > m /^)« 

Ssjppoat /* > * ‘Then w« conaldar tho *e<juonct of probloca: 

2 ^ 



(8*41) s (2 



u(x*0) s a(o,y) ■ 0, («*!,£,•••). 



Setting p X Ujj» (2*<*1) becoraoa 

?_(?c»7) s (2^^ - » pix,0) r 0, 

y 

Integrating this ordinary differential equation for p as a 
function of y, we obtain 

>(x,7) . ^ y] . 



P' 



Dot, elncc p • and u(0,y) « 0 »e nay integrate again 



to obtain 

(2, 4'") 

where 

(2.42) 






m 



a-t-1 2 ^ 



The lino y « C le a branch line of the solution n* Under 
the supposition / >^ » doBlred atat©i»ent i« that 1 is a 

2 If H 

leaxinal bound on / , !•«•, for each ^>0, there exists a function 

2 ^ 

f(*»yj «» P#Q)# depcn<3ing on and catlofylng h 3 rpothe«cs 1), 2) 
and 3)* on B”, such that an Integral u(x,y) of the probleia corre- 
sponding to f has a singularity for soise y e {^1 , +<£ )• 

1“ ?r- 



** "i**^ •»*•• nttini *<«J« m i^»« I* n^ 1>a »• ^ 

•O • ^ -A ' ■ ^ 

>t***tM*hlM'^« lf««U » rti|Ct» 'iOJtt’ 
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D«rining 



.1/= . 

(■ M obtain 



f (x,y; xi; p,q) s (2 - p)' 

n 



, „i/o+i / «iA+i 

for -S ^ p 2 , 



X C^A‘^'1^ j{^ . ( 2 ^A 2 ^/a+l)l/!c+l. since 



( 2 ^'^®+ 2 ^A+ 1 ) ;> 2 ^ (* 5 



us6 ::2® s X - . 
a ->a>SU 



Moreover, by ( 2 * 43 } « 



11 « s 1 

»^oo ” 



Hones, given e>0, there oslati a positive Integer fiependln^ 
on e alone, s’lch that n > II 

b. 



Is 

^*3 






Conaaqj«ntly la a naxinal bouxid on / • 

X ^ 



r« b. 



To determine that the condition ^ sin 

ff 

a saxl'^al bound »e consider tha seqaocoe of problo'aa. 

( 2 . 44 ) u s - u u(x, 0 ) a u( 0 ,y), (a a 1 , 2 ,*** ), 



and folios the aase lino of reasoning aa before* Thus Theorea 2 
is verified* 

Tn© close parallellsa ‘ etwoon our concltislona and the class- 
leal fchaoi'eiaa 'or first or-^er ordinary differential equations 



. ,2,7. 



I* 1 



^jd 

««^ .■• • j ,^A\ ^ ^ 

• l^fft« a«A ,P»^ 1**^ 








• |A*4I 9 



« i « ^ 
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(S«« rA!(K? [ 2 ^ } Iftad* ona to >uap«ct that an axiatcnca thaoran 
irlght ba proved wharoln mare continual ty of tha function f was da- 
aandad* Tha analogue to tha Cauchy polygon eathod la tha attack 
sucfaatad by tha parallallaai, and It laada to an axlatance tbeora« 
for tha charactorlaklo Initial value problc*: 



(2,45) u - f(z#y» n) $ u(x,0) m u(0,y) s 0. 

Jtj 



*e do not give tha proof here; first, bacauaa tha thcoraa 
is a epaclal caaa of Thaoran la; and, aacond, bacauaa tha steps 
in tha proof are practically identical vlth those of tha Cauchy 
polygon nethod for ordinary differential equatlona* 

*han f s f(x,y; u; p,q) and f is ciarely continuous this 
attack Invclvae difficulties which wa have not fcaan able to ra- 
solva. Ta sketch tha aathod to indicate tha source of troubles 
In a neighborhood of the origin a partition TT by 

charactaristicB Is specif lad where tha 




aubraclons A, . In tha first q’.tadrant 
■*•3 

are defined aa 






b * n 1 



»a forrmlate the approxlxata integral surface u 
apondlng to the partition ir aa follows: 

X ry 



corra- 



(2.46) 



u,(x,y) : r djl dVf, 

J 0 C.0 



where 



i 



■^^4’ »• to* fmtm *t aw «■«•« *<4| 

=4# •* t t*J»«* ■* «. attaiTfcf olaMh •• ^a> 

4M*M» M 4i *■»<■ >■ iW* *> ft t« M ^ «4itw 
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Th« principal difficulty Ilea in the fact that the derivatives 



are discontinuous across the partition lines x « constant and 
7 s constant, respectively, thus preventing the direct application 
of AHITLA’a theorem on equi continuous functions when we consider 
the sequence of approxlnate integral surfaces formed by partition 
refinement. 

The equation of (2.45) appears to be more amenable than the 
more <-eneral equetion Involving the first derivatives p and q. 

G. j^ie"] p. 62P, by demanding only that f(x,y;u) be continu- 

ous and Lipschitsian with respect to u, has proved the existence 
of a unique integral of u ■% f(x,yju) satisfying Dlrlchlet con- 
cUtlons, i.e. the value of u prescribed on a closed contour* This 
result, while remarkable, le not contradictory since u is shown to 
have a discontinuity of the second type at one point of the 
bouraiary* 

Re conclude this chapter with the statement of the extension 




y 



0 



and 



(2.49) 




of Theorems 1 and la to a system of equations 



-gr* ..MT : iwl 19 ^ rtf'rfll 



^ t«tfi W4«* Mil 

t . ^ ^ i= .T'* ( . . I 

1. ^ 

i»» 

■if 

iSi **t4 «•«=> fffMi ^ ^«r 

•f !«•• • «U wIvfNTTtX tji^;Mi«» 
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Mf %4#rfe|, wm^ ^ “> ** *♦ W«i •«» 

«> t "%ml§m T**<*n « %l |ii^HiHl«*l • *v 

1- 4 Ur ^ ••I 

*• «i V •* iJi/% 

Mj -• ^ «t *^f -Ifr fflirii**^ - ^4# 



«K<4 



CD^f«AJ»€»* *JT T* A . ' *W »t— • Mfl 4**» «• >« » 



< 



S2 

(2#50) »j r 

•stisryii^ th« initial con^Jltiona 
{£.51) uj(x,0) s Uj_(0,y) - 0 , 

Tfcaox*e» 3, b#lo», la a natural axtcnslon of Th«or«« 1. In 
prlncipla. It »aa flrat obtalnad by Q. UCCOr'TTI [ll43 p.7. Rla 
ftatasiart, ho»av«r» Is not explicit about the bovstsJs or. tha doasaln 
of existence. Soreover, to prove uniqueness ho requires the fj to 
be of class C*. obtain the iiaprove<i atatesjent, Thaorac 5, by 
■aodlfTlng the arg;aaants of T. KAHJCTT p* 402 and p. 403 to apply 
thea to the systes {2«50}. 



Theoren 3) 

rt \ ® ^ ^ jt") 

1) f-{x,y; a,; p.*q,)‘' e C(B^), 

1 - a ' 0 ^ y ^ / 



-a a 

2) The f, are blpsohltztan on B*j l.a* there oxiata a positive 
c-instant K such that for (x,y; u^,j ^ 

(x,y; e *, and i » l,2,***,n, 

j J J 

\r^(x,7i 

^ K -^]p\ - P®jl + l9^j - . 

S) » q /gi s: q < bj. S .her. 

E . najc ^ 1 fjl ,•••, |f„l? on E". 



2 ^ 



Rotation: (x,y; ujj p,,q^) » (x,yj 



5l. •••.=„)• 



—.Hi— iti$Ut att tmttUUm 

<* -4 »<■■ * •«■ Mi^jr 4 M tt .»"W<i«a 
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• |l|%.,^ ^ V r^ai ,1 - <1 T•<^•|l \ 
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4) Thorc 0x1 a ts orx an<3 only aa» s«t of functlona 



where H: 



, u^(x,7) e ^ C(R), (5*1, •••»«)* 

. 0 ^ X ^ /j • »jch thet for each (x,y) e a tho polnfc 

[o ^ T ^ 



(x,yMj{x,7)j u^^^(x,y)) ^ B*', aaS 



Uj,(x,0) ■ Uj(0,7) *0, (Is for each (K,y) e R* 



By relaxing hypothesis f) wo obtain the laproved thoorea 
below; which stazidfi la the sasa relation to ‘rheore* 3 that 
fbsorea La does to Theorsa 1. 



rheorea 3a 

1) 

S?) * “ifeo are partially Llpschttslan on B"; i«e. there 

exists a poeltlve constant K snch that for (x,y; u, ; pi, q\) 

^ J J 

B**, and l S l, <?,•*•, n, 

Ujj pl^, qi^) • fj^(x,y; a^; Q^j)l 

^ K i + Iql^ - qr^\'^ . 






3) 

4) Ttiere exists at least one set of functions Xu^^,*** ,u^ 

u^(x,y) e C'(F-), e f{R), (3»l,***,n), where 
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ro 4 x^/ 

R: -< ^ , such that for each (*> 7 ) e R the nolnt 

Ik.^ 

(^, 7 : ,(x,7)» 'i. „(x»y)) ^ »r«3 

J J** .If/ 

u, (x,7) « r.(x,r; u {x,7); u ^(s,y), u, „(x,y)>, 
l#xy * j 

u (x,0) - u.( 0 , 7 ) s 0, (1 r l,***n), for each (x,y) e R* 

The px*oof of Th«or«a Sa 1» essentially a at^'p by step repe- 
tition of <“hat for Theoren la. WSI'^TS-Tt.KSS* thooren t«?lls us 
that for each roaittvs int<* cr 1 there exists a sequonce of 
polynoRlftle (^*7: (X * convsre- 

Ing uniforely on B" to f, {x,j; p^fq^)* irs extend the gj^ ^ 

sad the f, as before and obtain that ther*« exist positive eon- 

A 

stants such that for each 1 \ % x\ ^ ^1 extended, and 

for all X • ife let L m ^ end proceed as be- 

fore, uslnr 7 hsorc» 3 In place of Theorem 1 to obtain the Integral 
^ associated with each • 

ue note only one point of aignlfisant difference in the 
argitssents. In place of inequality (2.13} of Letssa 2 we now have 
the Ineq^ialltles 
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Sunalng 


^ 0 t 3 - 1 '• 

these, and letting 


{i"*X|eee> 


2(7) 


= S 1^4 _(x^,y) 

i»l ^ 





we obtain 
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ry 



0^z{y)^^\ 4- n( 



Jo 

to vhich L«9 em 1 Appliea* Thus tha tq-ileontlnui ty of ««ch of tb« 
goquerce* W. , 7 * (1 • a) i» *««ur«<2. 

I l\ ,y.S 

r.orArks a) anJ b) to Ttisores?* 1 ar^. la apply, with obvloig 

sBodlfl eat long, to Theoreas 3 Kiid 3a. IToreorer, aa befora, w» aay 

extea;2 the ioaala of exletence of tho Integral surfaces of 

, C - A < X /i 

’?baor«r.* 3 as5 3a frae K to H : < ^ • 

The s«t of functions ^'^|^>***» ropreaer^tlny the solution 

to tbe proble* of Tfccore* 3a car not be shown to be unique. This 
is wade evident by extending '^xe-nple 1 to the eye ten 

^l,xs * ° 

'*2 -V = ' u^(x,0) s u„{C,y) « 0 

J r » 



^ ° a u {0,y) s 0 

zipjry ♦* iA 



for which u, = 0 
1 



(Is? 



»n) 



while u* = 0 or u, s x* y • Thus at least two eeta of aolu- 
^ ^ 1C 

tloaa are possible for this eystea which aatisflos the hypothseee 



t 



of The ores 3a* 
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CHAPTSR III 



Thtt Caueiij Problaa for u <■ 

xy 



r(x«jj u; u }. 

» y 



Tbtt dovtlopaant of this ehsptsr cloasly psrsllsis that of 
Chapter II • Consaquantly, tha notation will ha abrld&edp in 
^articular with respect to the argusenta of functional and the 
proofs all! ha aaraly outlined to show ainor variations froa the 
atatnsanta in Chapter 2* 

For referenca« we state the following theorea proved first 
for sjateaa of equations by 0: NICCOZ^TTI Cl4] p« 7. Our state* 
aent laay be easily Inferred frcMi that of £• KAJtE£ [2] p* 405 and 
p* 410, by a allf^t sodlfication of his proof. 



Theorea 4 




1) f<x*yi«IP»q) ^ C(B), 



B: 



I 



0 ^ X < / j 

4 



-a < u a 
-b P ^ b 



2) f la Lipgchltxian on b, ( as 
defined in Theorea 1). 



S) 

4) 



« /g < a, 

X; I ° ^ ^ 

1» - (?(x) 



M < bj,, « /g < bj^, where M - »ox 1 f ( on U 

where (x) e C»(C0,/j^l), (p\x) fi 0 

for X e [0,4 3 ^( 0 ) • 4, 

1 



m 



u$ wnmo 




mt mmtr #s yml%^ 
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5) Thtr« exists one and onl. one function u(x, 7 ) e C*(fO» 

u_ (i,t) e C(R), where B : » such thet for each 

[ 0 i 7 ^ /j 

(x,y) e r, the point (x,y; u(x,y); u^(x,y), Uy(x,y))<^ t , end 

vs(x,y); u (x,y), u (x,y)), 

Xj X y 

't{x,q>(x)) = (f(x)) r Uy(x,(p(x)) s 0 

for each (x,y) e R* 

|lea>arke c) suppose we prescribe •s(x,(f(x)) sTJ{x), 
u^{x, ((7(x)) r p{x), Uy(x, ^f(x)) r Q(x) where ’J(x) e C*( ) 

while ?(y)* Q(x) ^ c{ )• prescription aust satisfy 

the strip condition U»cF+C*(f» for each x • 

Consider the function w(y,y) r U(x) + (y •* Q?{x)) QCx)* Clearly, 
w - rjMx) while w {x, Lp(r)) - 7{x), w (x, £^(x)) « P(x), Sind 

Xj X 

w (x, 4^(x)) « ^(x)* Hence the function v * u - w »jst satisfy 

z 0*(x) 4- f(x,y; t + wj + w^, + w^), with v(x, (f (x) ) 

s '*^(x, (x)) - V (x, (f(x)) s 0, a problea of the type covered 

X y 

by Theorea 4* 

d) *Iypothesis 4) of Theorea 4 Is more restrictive than 
it need be# At Isolated points of ^ we aay have a horizontal or 
vertical tangent, provided that ^ does not cross the saae char- 
acteristic rcore than once. ‘*or, under these conditions the In- 
verse function ^ to will exist and be continjoue for all 
7 ^ • 

Our Inprov^aent of this theoren la as follows: 







^ 4 mM ^ . 
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Thaoren 4 a 

1 ) 

g) f is ]p>artlally Llpschltzlan on 8, (aa (iafined in Thaoraa 

la). 



3) 

4) 

=^5) Thora exists at least one function u(x,y) s C*{r), 

r' 6 ^ X ^ /. 

« (5f>y) ^ C(K), ahere R; -< » such that for each 

C 0 * 7 ^/„ 

(x,y) e r, the point (x,yj u{*,y); u (x,y), u (x,y)) ^ B, and 

^ y 

u^y{x,y) - f(x,yj u(x,y); u^(x,y), u^{x,y)). 



u(x, C^(x)) su (x,W(x)) su (x, l^(x)) »0 
X y 



for each {x,y) s F. 



Outline of proof. 

The path m&j also he expressed! as 



X a ^(y) 

0 4y^/ where 



(y) e c»( Lo,/ 3 ), (j/»{y) 0 ^or y e loJ^J . la the 

■ti a? 

Inverse IMnction to 1/^ . 



•e nay express 
u(x,y) II 

(5.1) 

*htrc« 

(3.f») u (x,y) - 

X 

(5.3) n(r,y) s 
7 



the probies as th© integral equation 





•« ••'•* •f'^if *{y4 

•4v^^|^ »<>•»• II* 

• • M«ti «ai • a‘ii^»V«<>i^ (V»Vt«)* 



»V 



^ » tl*^ 4M* «f 






« «•■« fMi V «m 
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ncKlttl* 



By th«ores, th«r# 9xi«ta a »«qu«nc« of poly- 

Ittla on B. 8a oxtandl tha domain of daflnltlon 




unif* 



of f and th# polynoalala ov*r B to B» by daflnltlon (2.1). 

:^e obtain again tha eonatant L >0 auch that In 5» 

for all X • Moraovar, for each tho Llpachltz condition 

(2*2) is a&tlaflad* Thua, by Thaoron 4^ for aaeh A tbara axlata 
a unlqua aolutlon u to tha probla® 



contimot^a on R la iBanadiataly evident fr<» the aq’jlvalant Inte- 
gral axpraaalona 



This done, the aa»a arg'.jssenta oa thoaa for the proof of Thaoraaa 



(3.4) 




That tha aaquencae 
unlforsely bounded on R, 




(3.5) u ^(*»y) s 






’Va now establish tha equlcontlnulty of 




la will aarra to obtain 




converges unlforaly to the solution u. 



which 



' lif -n-i ' 



I 



40 



Thtra It no lots In gonerallty In rtatrlctlng ojrttlvta at thit 

r o^x^/ 

point to the contldaratlon of thoaa points (x,y) e * • 

2 



ror vQ ihalX s«« that tha argimenta daTelopah bclov will ap It 

r 0 ^ X 

at well for (x,j) & R t < aftar a tloplo coordlnatt 

^ L ^ ^ y~ 

translation and rotation* Thus If wa Insure existence of a tolu- 
tlon on axlstenoo on Is siailtaneoualy verified. Moreover, 
the Cauchy Initial data Insure that such Integral surfaces have 
a first order contact along T and hence define an Integral sur- 
face throughout all of B - Hg* 



Given points yJ e r , (x_,y, ) e r.. It is always possible 
to label these points In such a way that (x ,y^) e R . This being 
done, we have that 



^ “ 1»2 - yil ' 

(3.9) hx,,<vV 

Ass’.cdng, without loss, that y > (xg) ^ (x^) , we have that 



(3.10) 










.7) 




;u 



X 






•''e operate on the first integral on the right hand side of 
(5.10) in the sumnar deaonstrstsd in equation (2.20). Me obtain a 
foranla Identical with (2.^0) excapt that here the lower lltilt 
of Integration Is y s Instead of y * 0. =’or brevity, we 

oalt the forssula. 
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and since ip (x) la unlfomlv contln-aoai on , by the ease 




reasoning as before ve arrive at the slight modification to 
Le»na ?, 



hence Theoren 4a obtains* 

reaarks c) and <S) to Thaoroa 4 apply as well to Theoreo 4a* 
■'ulte obviously, if f is continuous, bounded and ulpsohltaian 
(or partially Llpachitzian) on the Infinite cylinder with cross 
section R, then hyx>othQsls 3) of Theorera 4 (or 4a) Is Inasedlatoly 
satisfied* In fact, this was the forra of Theorea 4 whloh was 
utilised in the proof of Theoresj 4a* 

As previously mentioned, the extension of Thsorera 4 to ayateras 
of equetions was first obtained. In principle, by 0. KTCCDL*“Tri 
|jL4]| • Re was not, however, explicit about the dossaln of exlat- 
ence of tho solution. The following atatenent ®ay be derived 





fr<» which, by Leaesa 1, 




lc(y- ipix^)) 



Is slnllar. 



&■ 








• # * > — m » 

«iM «• 
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frco tho *»36« argvHa«nt* of lOvXKE P* P* u«*<3 

68 the basis for Theores 4« 



Th« ore’s: 5. 



1) u^, ••*, u^; p^, •••, p^, Qj^, •••, 0^) e C(B*) 



‘1' ' n 

... j 

-a a 

>^1 

b. 



(1 a 1, ••*, n), 



2) The are Llpschitxlan on B®, (as defined in Theorem 3) 

3) /x /g < ^ ^ ^ 2 ^ \* where 

M a max ^ jfjl , •••, 1^‘jjl^ on B". 

C 0 4:. X ^ /% _ 

4) T ^ where (x) ^ C»(L0,/,1), (^*(x) C 

LT » (jp (3c) 

for xeQ0,/J and (^{0) m ^(/x^ = ® 
^3- 5) There exists one and only one sot of functions ^u^^,*** ,u 
Uj^{x,y) 6. C»(R), 'ix^ 3 ty(^»y) s C(E), (1 = !,•••, n), where 

r 0 ^ X < A 

n* < , such that for each (x,y) ^ K the point 

[0^7^ 






% 9 u 



U^(x, Q^(x)) r Uj^^^(x,(^{x)> a Uj, ^y(x, ^(x) ) a 0, 



(1 z l,***fn), for each (r,y) a R* 



« 



. Lr* 

•*•••*• !*•»' ^ '****.! 

/‘v'-/f * " 






• I l■l•« i>i ' 

•• • • IW> M* ttL*>« «n 
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•& rmy •xtend th« argua«nt» in the proof of Theorea 4a to apply 
to ayatens of aquations* The extension is practically Identical 
with the pravloua extension of Thtorea la to Theorea 3a, except 
that now Theorea 5 it uaed to eatabliah cxlatenca and uniq';ieneaB 
of the solutlona of the syatea 

"ix.xy “n.y’* 

(A= 1,2»'**)» 

nndor the Cauchy Initial conditions* W® obtain the followlns 
theorss: 



Theorea 5a 



1 ) 

2)’ the fj^ are partially Llpachitalan on B", (as defined in 
Theorem 3a)* 



3) 

4) 



^^5)’ There exist a at least one aet of functlona • 

e C*(K), ttj^^^(x,y) ^ C(R), (1 s l,***,n)* where 

C 0 ^ X ^ 

, each that for each (x,y) e H the point 
(*»yj u,(j, 7 )j u, _(x,y), u, ,(x,j)) £ P, »nd 



u,^^(x,y) - fj^(x,y; u^(x,7); u^^^3.(x,y), a,,^(x,y)), 
Uj^(x, Cf (x); * 3 j(x, (x)) s u- {x, (^{x)) r 0, 

$ ^ ^ Jr 



(1 3 



n), for each (x,y)s R* 
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re’^ark c), with obvious rodlflcatloin an<2 Reamrk d) to Theore« 

4 apply as wall aa to Thoorowa S and 5&» Moreover, In Theorec 5 
(or 5a) we aay ellssinata hypotheola 3) by deaar.dlng that the 
be continuous, bounded and Ilpachitzlan (or partially Llpschl talari 
on the infinite cylinder with cross section H. 
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CfiAPTtfl IV 

Existence ThaoreaMi for Canonleal 
Hjperbollc first Order Sjsterae 

In this chapter, end In Chapters 6 end 6 «s eell, «e ehaXl not 
give explicit doaalns of definition for the funotions Involved in 
tlie differential equations. As a consequence, existence will be 
shown "in the swall” oalj, le do this ooeause our oethod of attack 
will not srield any inprovesNint upon the doaalns of existence, no 
siatter how large the doeaina of definition are taken, provided the 
other hypotheses are not weakened. We shall elaborate on this 
peculiarity in the course of the exposition. 

Theoress 6 and 7 bslowesre given by M. CIHquikl-CIEHAHIO (IS] 
p. 180 in the form etated. A statenent under soaawhet weaker 
hypotbeaes, but based on the sene proof, asey bo found in R. 
C0UHAkT*D. HII«£KHT (17] p. 524. %e exaslne the proof to show thst 
the srgusNmts thsrein sro Indspendent of the unlqusness tbs 
solutions to ths probleas involved. As s conssquence, our rs- 
sults in Chspters 2 and 3 spply and wa arrive at the lsq>roved 
etateaents given by fbeoreae 6a and 7a, where hypot^>esia 2) of 
Theoreoe 6 and 7 is dropped sltogetber and the corresponding oon- 
clusione are altered to read "at least one". 

Coffigon hvpotheeis *• shall suppose the functions c^, 

(l,k»l, of arguaents x,y,Uj^, • •*,u^, to be continuously dif- 
ferent iable with bounded derivativse In a cer>tain doaaln D. Fur- 
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tt»Vp w suppoM th« d«t«rMlnant 



(4.1) 



l*lkl ^ 



Und«r tb«M fttauiaptlonof the sjttea 

n 



(4.2) f A,(x,y) • S a u. _(x,y)-c, ■ 0, (1*1 ,-«*,*<b) 



n 



®i(*.y) ■ • O. ( 1 ««-H,* •*,n) 

la called a canonical byparbolie first order ayatea. 



The or eg 6. (Characterlat ic initial value problea.) 



1 ) 

2) All first derlvatlvee of the functions (l.ksl. 

satisfy a Lipachlta condition with respect to ar^ioMnta *^]_#***»^ 
in P. 



5) 



Oj^(x) e C»((0p/^1) 

Vj^(y) e C»((0,/g)> 

U^(0) - V^(0) 






(i*lp •**.a) 



and 

(4.5) 



Moreover^ for each x (a the point 

n 



S » 3 ^I^(Xp 0 i Uj(x))U»jj(x) - Cj(xpO;Pj{x)) • 



(x,0;Pj(x))^^ D 

0 , 



(1-1, •••pa < n)| 



and, for each y £ {0,/^], the point (0,yj V^(y}) ^ P and 

(4.4) ^ •-j-(0,y|V^(y))V* (y) - c.(0py| V.(y)) - 0, 

k*l • 

(l-aelp^*^,n). 

5. Hecail the notation: (xpy|Uj(x)) » {x,yjUj^(xJp«««,OQ(x) ). 
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4) there exists one end only one set of 
Th ^ , with 0 ^ V|^ ^ 1 en4 



functions 

)* (1 * 1»***»J^)* 

mif '’Iclently 



srall, such that the set of f\inctlons satisfies the systsa (4«2) 
for each (x,x) e and aatlafles the corKlltioRS 

Uj^(x,0) - vj^(x) for xe[0, 
u^(0,y) - V^{y) for y e [o, 



(1 « !,•••, n). 



'^hooren 6a » 

1 ) 

S) 

=^4)’ There exists at least one set of functions, etc* (as in 
The ore* €)• 



Theorem 7. (Cauchy problea*) 

1 ) 

P) (as In Theorea 6.) 

r X - x( 'S') ^ _ 

5) T:4 for and y(r ) eCMCOilJ) 

Ly * y(r ) 

and strictly conotone, l.e*, 5 / 0, f 0 on Ho,l3 • 
lijCr) ^ C*(0o»l3.)» (1 2 l,***,n)* Tor each the point 

(x('T), y{ r ); U^(r)) e n, 

6) There exists one and o’^ly one sot of functions ^ u^^,* *• ,u^^, 

e C»(R^), ^ C(n^), (1 2 1, *••»«), where 

is a sufficiently aaall neighborhood of the curve T, such that 



^iiim . <«V*t< 4 A^ 

•I^l M«ff« ««r w»«l»«» •••)■■«; t» !«• !• tail* .^M 

♦ ^ * 

{r,» ‘^v*” 
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th« of functions satisfies the systeas (4«2) for each 
(x,y) ^ TL and satisfies the conditions 

n^ixizr), 7('2t)) for (i = 



TheoreT 7a 



1 ) 

5) 



There exists at ieast one set of Ainctlons etc* (as in 



The ores 7*) 

■^ho proofs of those theoress are contained In the follow- 
ing! arf'j'tiont i 

Suppose we have a set of functions •• , either 

as a solution to the oharactarlstl© Initial value problem abovt on 
a do-’sln Ky^ ^ or as a solution to the Cauchy prohlera above on & 
docaln Boj- • Then for either case, 

n Hr- n 



(4.5} A 



i.y - k. 



• c 



i.y 



n 



u 


-H ^ 


: k»*7 


k-1 






k.l^uj^ 






n 


u. 


+ 


: k»3ry 


k-1 



+ 3 a- ' 

r.l 3 „ 



U 






•,k , + S u lu 

L rsl 3 Uj, ‘■-*J 



n 



9 ®l 



" c. - ^ X = °» = «+!,•••, n). 



’'quii ' 1 ons (4*5) and (4.6) are n llnsar algebraic equations In the 
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n urkro»ns • Since the deteralraict of thl* » 3 ratea^|a^j^ ^ , 

doea not vanish over the donain tn que* tlon, »e may solve the 
to obtain explicitly 



(4.7) 



u, ^ • f»(3i,y; u ; , u ), (1 = !,••• 

i»>T * 1 j»y 



,n), 



Under hypothesis 1) alone, the are continuous and partially 

T^lpschi txlan over any bounded doaaln In the 3n -V 2 dimensional 

(y,y; u»; u, u, )-tpace where (x,y; u,) e D. If hypotheale 
J J»y 2 

2} also applies, the are "fully* Llpachltslan over any such 

A 

domain. 

Consider Theorena 6 and 6a. The characteristic Initial condi- 
tions ImpOBsd therein, coupled with the system (4.7), forw a 
problem of the type considered In Theorems 3 and 3a, respectively. 
(Chapter £). ^e have shown above that any solution of a canoni- 
cal hyp'»rbolic system is also a solution of a particialar system 
of type (4.7). If we now demonstrate the converse for character- 
istic initial conditions, i.e. that any solution of the derived 
system (4.7) is also a solution of the original system (4.2), then 
Theorems 6 and Ca follow directly from Theorems 3 and 3a respec- 
tively. 

Suppose we have a set of functions ® solution 

of (4.7) over a cortaln dc«aln inclvuilng the Initial charseter- 
! a ties. By (4.5) end (4.C), which arc corely alternative feras 
of (4.7), we havd 
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, (I r !,•••, a n) 

, (1 s a) 

by (4 • 3} aac2 (4 9 4} oiT 3} to 

wo ha VO that 

(1 s I,***, a < a) 

(1 s m+1,* • • nj , 

{1 n !,•••» a <^n), 

(1 * «+!,*• • , n) » 

Horca th« converse is shown* 
for tho Cauchy problen considered la 'Thtoreaa 7 and 7a, ww 
obsex^e first that we can determine U|^jj(x{zr), jiT)} and 
a. .(x(^), ?{Z)), (i r !,•••, n), as functions contln-aous for 
each T" g [0,lj , solely fr<osi the prescription oT'a^ixizr), jl'Zr)) 
z (1 z 1»*****^)» the requirement that the canonical 

e^ 

hyperbolic systems (4*?) ssuet be tatlsfled at each point of • 

For, since i -r 0 along T, we aay write the strip condition* 

(4.10) r + q^J-, (i , n), 

as one of 

{4*11) q, 2 r ” Pi^) O' P* 2 V ('5. - q,^), (1 z 

Conalder a particular point whore y 0* Here we a-'bstitute 

* **l,y * r ^’^i “ equations E^(’') * 0, (Iss+l,*** ,n). 

These, together with the eq'iatlons • 0, (1 » !,•••» xt<Yi)$ 



C A, „(x,y) r 0 
(4.9) } 

5 0 

over this doaaln. *.ut, 
both '*‘h«ore^s 6 and 6a, 



(4.9) 



Aj(x,0) s 0 , 

Bj^(0,y) s 0 , 



whence 



A, (x,y) 

a 

9i(x,y) 



0 

0 



throughout the domain. 
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for« a linear algebraic eyatea In the p, = u- _(P) with tfatcr- 

X X px 

»rinant I a \ 0. Thua the p. ajre un' qualy datemiced at P, and, 

i jC I ^ 

by (4*11), tha as well are uniquely datarwlned at ?• If f m 0 
at then Ir 0 there ar.d a aimllar argument applies vitlliilng 




Thus we have. In efroct, prescribed all three sets u, , u, 

Jb X pX 

u, , (i = l»***»i^)» along T once the u are prescribed along ^ 

X j y X 

and the u, and the u are merely required to satisfy the 
*,3c l,y 

strip conditions (4*10} and the oanonlcal hyperbolic ays tea at 
(4«?) at each point of T , 

f-uppose we have a set of functions ^ u^,***, as a solu- 

tion of 

(4«7) u s u. , u ), (1 X n) In a 

neighborhood of the initial curve T and taking, with their first 
derivatives, precisely the above detenained values at each point 
of • Then by (4*5) and (4.0), the fact that these fuactiona 
and thslr first derivatives satisfy the canonical hyperbolic 
syoten (4*2) at each point of Ispliss further that the ays tea 
(4*2) corresponding to (4*7) la satisfied everywhere In the 
neighborhood in question. 

*?tfeh hypothec la 2) icpoeed, syetea (4.7) and the initial data 
on ^ satisfy the hypotheses of Theorea 5, while without hypotho- 
alo 2), systca (4.7) and the initial data on ^ satisfy the 
hypotheses of Tn«or<»e 5a. ^it since we have shown above that each 
solution of (4.7) la a solution of the corresponding canonical 
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hyperbolic ayitea (4«S), wo havo that Tl'.aore* 7 la a consoquence 
of Thooroe S, while Thoorov 7a is a eoneequonee of Theorea 5a« 

In tho«o four th«ore-»a we are nrmble to preecrihe the dosain 
of definition of the function# 

fj(^>yj j * — i>* ** ^)» 

in such a way a# to Insure existence of a aolutlon throughout 

CO A 

p: -< ^ , Thle Is because tho f. are contlmoue for 

lo^7^/g ' 



all p, and q., (J s !**••»»), tut csey turn out to be bounded only 

J w 

when these variables are restricted to finite doaains* The fol- 
lowing exaaple deaonstratee why the existence of solutions can be 
found only'H.n the saall”# 



'^ar.nle 3> Consider the character! stto initial val le problem 
for tho systera 

, » u (r,-l) s X, u, (0,y) r 0 

^ 9^7 X^X i X 

^2,xj = ^ ^ ® 

I ! 



u 



n.xy 



c 0 



u^(x,-l) S 0, 



u (0,y) s 0. 

n 



quadratures, w« obtain the solution u (x,y) si*, while 

^ y 

Up, * ••• « u^ « 0, quite obviously* The f^correspO'**ing to this 

problem poBseas derivatives of all orders for all values of all 

2 

variables* Howrver, s u, _ becossee unbo-m!?cd as the ar»’«»raent 

X X px 

u* „ increases indefinitely in absolute value* Je note that, 

l,x 

despite the specification of initial data ’'varywhere along the 
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Inter aorSltif charaotariatl ca a: a 0 i.iyl 7 » -1, the flrat function 
Ir the solution, m»ely u^, has a discontinuity across ths lln« 
y « 0 * Kencs this typifies thass casts for which solu- 

tions exist ”ln the awall*' o^ly* 

•e note that Pe-eark <3) of Chapter I'l applies as well to 
hypothesis 5) of Tfeeorease 7 and 7a* 7h« statssont Is that 



of T • In fact, the arfjwent in the proof above applies directly 
to this stattraent* 




for 'Zre[^ 0 ,l^ need only have x{zr) and 
, monotone, and with / 0 at each point 



y(tr) e C»([p,Q) 
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CHAP^EB V. 

7b« Cauchy Problem for ?(x*y; u; p,q; r»a,t) « 0. 

In thlc chapter «« concern ourselves elth the feuchy problea for 
the general non'llr^ear second oz'der partial differential equation 
In the hyperbolic donain. Specifically, the problea is to deter- 
mine an Intecral surface of the equation 

(1.1) P(x,y; u; p,qj r,s,t) s 0 

such that tha hyperbolic condition 

(1.3) ? ^ - 4 » • >0 

a r t 

is satisfied thereon; aoreover, the integral aurface isast have a 
second order contact with a given second order atrip which Is no- 
where a characteristic atrip* 

In his celebrated paper Lrry auccaaefully attacks this 

problea by reducing aquation (1.1) to a systea of first order par- 
tial differential equations for the uriknowns x,y; a; P*q; f*s»t 
as functions of the paraareters X and Ja-' of the two f&nllies of 
characteristic! on the integral surface In question* LSWY»s 
existence proof for the aystea la based on a finite difference 
arc’Jnont. However, the systea Is of canonical hyperbolic foraa and 
the thoorea of JC* CIIfC.’IKI-CIPTJiniO, Theorem 7 of Chapter IV, le 
Isr-edlately applicable and insures existence and unlq'ieness of the 
solution In a sufficiently s«all neighborhood of the initial strip* 
Iforeovcr, as demonstrated below. Theorem 7a may be used to effect 
an laproveaent on f^-Y’s work* 

?e present elimiltereo.’.sly IJ^’Y*s original theorem and our 
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l«p^ovo^ne^t on It* L.i^.y*3 theorea Is obtained by oalttlng the 
parentheses* Our theorem Is obtained by replacing the under- 
scored atateeisnts by the corresponding ones in the par«nthe»'»a. 



Theorem 8 (Sa) 



1) S^: /x * x( r ) 



for ie a nowhere character- 

istic second order atrip, 



7 = y('T ) 

u S u( zr ) 

r p( T ) 

q = q(r) 

r s ri'Zr) 

• - s(r) 

|t r ter) 

l*e. x,yj u; p,q; r,s,t('2r) e C'(HO,ll), and for each 
1 ) X® + 0 , 

ii) 



7^ - ?*, 5' ^ ^ 0 , 

' - 4 •* t > 



IS 



ill) 

iv) 



P(x(Z^), y(^)ju(”3’)j p(^)^q(^)i r{^),s( ‘Z ^ ) , t (zr) ) 

= 0. 

r <£ C * * ^ ( ^ C ) in a certain r«lchborho(vl of 5^* 

5) ''here exists one and only one ( at lo&st one ) integral stir- 
face Jj u s u(x,r) of the equation 7(x,y; u; p,q; r,s,t} m 0 such 



that n(r,y) C ’ ' • In a aufflclentlT email neighborhood of the 

5 x( r ) . 

, for 7T £ H0,l3 t and such that 

L7 = y(^ ) 

‘{Ur u(x,y) has a second order contact with the strip S^. 
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Proof 

first dsaonatrata that any solution of the above problem, 
tovethar with Its derivatives of the first and second orders, 
represents a solution of a particular canonical hyperbolic systea 
under the saae boundary conditions* 

^e assure that ^ 0 and 0 in the domains considered in 

the follovrlng arguswmt* This aay be done without less of gener- 
ellty* *^r, by Definition la, a characteristic beee curve nust 
satisfy 

1) F - P, y 5 + - 3c^ « 0, 

(1*5) I « ^ 

2) 5c2 + Jr? ^ 0 . 

p • 

Suppose at a point of S that - 0* Then 3t s 0 repreeents the 
vettlcal tangent taken by one of the characterletic base curvet 
throusrh the projection of this point onto the xy plar»* Con- 
versely, If one of the characterletic base curves through a point 

in the projection of S^ haa a vertical tangent, then x « 0 there 

2 

and, consequently, s C at the correspor^lng point on S • Like- 

* 

vise, s 0 if and only if y = 0# the sense above* Thus, by a 
suitable coordinate rotation in the xy plane, we may Insure that 
■j, 0 and / 0 in a neighborhood of the point in question on 

r^* Granting that this is a local property only and that the 
licrtloular rotation perforwed aay Introd'uce values of s 0 or 
r 0 at eotae other snf flciently distant points on t®, we ob- 
serve tliat this local property Is sufficient because our proof is 
ulti’ratsly based upo'- Theorems 4 and 4a of Chapter 1*1. In those 
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th«or«sa the Integral equation atatc»«at of the prohlo* n*de it 
plainly evident that the value of the Integral at any point P 
depended only upon the portion of the initial curve cut off hy 
the two character! etlce Intereocting at P. Conaequently, we aay 
consider the er{r'‘*’ants below ae applying in succeoslon to saall 
overlapping seg^iocts of S^, with coordinate axes rotated suitably 
for each segaent considered. (See also R. COURAW - D, 

[[it] p. 3P5 and p. 53P.) 

Let us assume that we have an integral surface J: usu(x,y) 
satisfying the conditions of either Theoreja 3 or Theorem 8a. Then 
by (1.5) we conclude that the related character! a tie base curves 
are the two one~pararse ter faisllies of curves deterained by the 
equations 



(5.1) 

(5.R) 



where 



(5.3) 




(5.4) 


fz - 


P 1 


^ ore f.;z i 


and ^ ^ 


i f>^ it, 


(1.3). 





= f\'>- ’ 

t ^ - ^2 */• ' 

— 

'f, - -* 'r ft 

Z 



.2 



Consider the coordlne'e transformation 
X s x( \ , JUl) 

y s y( A , . 



(5.5) 
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The Jtcobl»n of this tranifonsAtlon, 



( 5 .e> V - ='X = 'A ■ /’a’ A > ' 

iJoes r.ot vanish In a vicinity of the projoctlo>. of This fol- 
lows since ^ whilw r 0 would, by (5.1), l«ply 

7 k z Op contradictlnr, the roqolrcaent -f ^ / 0, (slallerly for 
:k , ). Hence the Inverse treneforsetion. 



(5.7) 



X S X (x,y) 

pi ^ ^^>7) f 

exists In a vicinity of the projection of S . 

Alor«“ the characteristics on 3i u»u(x,y) certain additional 
equations aust he satisfied. These S5*e detsrained as follows: 
nincc r a C»**( e C»») and u ^ C»*», we obtain by 
dl f fersntlatlon 

r ^ + -% ‘x + ^ * 

*A>’x + yx»x * '•a 

‘ ‘x : *A ' 

’.There 

(3.0) I?3, X .r -f ' = + » . 






(5.10) 



I’nllarlr, 

>•, + ■’. *y +• 6 S = - 

^7 + ^A *7 

*A’y ^A‘y = 
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* X 
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(8.11) C?] y • V V 'r * 

Since \ is the p&raaeter for one feslly of cberecteriatic 
curves and, consequently, is the path pareuneter aIon£ each of the 
curves of the other family, the detonclnant 
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y\ 

0 X 
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Hence the quantities on the right-hand side In each of the syetets 
(S.Q) and (5.1C) Kust bo linearly dependent, i.e. in each syeteai 
the augaented satrix of coefficients crist be of rank less than 
three, consequently. 



(5.13) 
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Pr ^ tK] , 
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° -“A 

the aesuapt? on made 

X \ • i y , and 

A p, n 



= VaS'x ‘t*A*A 1^-1 x^aV®- 

althout loss, 

y^ ^0, equation (5«13) reduces to 



(5.14) 4 ^ -t- ^ r 0. 

Likewise, from (5.10) we obtain the linear dependence of the 
ri<?:ht-h&nd terns in the forw 



(5.15) 
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Alonr the curves of the othor family of characteristics the 
following relations rust be satisfied. These are obtained In a 
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fasMon coaplatalj ar.alogo ;» to that jsod In obtaining (5.14) and 

(5.16) t 

(5.16) P, V/- * V * ° 

(5.17) Pp V/* = 0* 

^n- addition, the strip conditions 

{!*”) visp?+qy 

r • • • 

\ p r r .5 +87 

\ . 

I^qrox + ty 



nv.st be satlaflsd along any carve lying on Ji us-atxjy). In 
particular, they araat be catisfled along any characteristic on J. 

rroa equations (5.1), (5, p), (5.14) throu-?h (5.17), (1.9) ar»3 
(l.€-) we obtain the folloalnr ayatase of '’character! • tic equatlona" 
l.e. equatlona which tsust be satisfied along the characterlstlca 
or. any Integral surface J : 
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(5.18) 

( oortlr.'ied) 



1 ^ 3 * /’sVa-^ 

H '4 ■ > - = V ■ * ° 

(J's = V * • • ° 

4'c = V ■ ‘ > * ‘ V- ’ ° 



« 0 



SSyatOTB 

B 



”0 oba«rv* that Systex A of (5* 18) Is of canonical hyperbolic 
forw in T.,j; u; p,q; r,a,t aa fiinctlona of X and • Since for 
Theorem 8, ? & C***, while for Thaore* Oa, P e C»», the coefflci- 
eata of all eqijatlona In (5.18) are fanctiona of class c*< for 
ThooroH 8, and of claaa C* for Theorem Oa. ”oreov«r, the deter- 
minant of the matrix of coef ‘'loionta for System A, ia, after 
Intorehange of rpvB and colucma. 



(5.19) 
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whsr* the coefficients deslrnat^d only by asterlske, *, do not 
certribute to the val je of the deteralnant. . ince 0, 0 

and /^1 ^ * neighborhood of S^, the deteinninant (5.19) does 

not vanish therein. Hence any solution J: u*u{jc,y) of the problem 
of 'TTiaoren S, tos'ether with Its first and second derivatives* 
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th« hypoth«*3et for '^.6or<Ms 7; i:ec«us« the reqvlreaent 
that - e. C*’* I* certainly a’-ifflclent to inaura that the flrat 
dcr^vatlvoa of the co«f'lc?ents of Cyateas A be LlpacMttlan with 
r^anoct to variables x,y; ; r«,qj r,a,t. I’oreover, the requlre- 
7**»r.t ir "^eor^r Ga that I* e <*•' Ins’ire. that the coefficients of 
iyst*'-'. ' are of class C», aa 'JfnanJe^i by TheoreTB 7a« 

Tn the X jju , or ctuiracterlst* c, plare, the initial base curve 
haa the pararsetrlc fora 

nr : r \s X(x(r), y(r)) for 

(3f(r ), y{ ^)) 

and la nowhere paj'&llei to either the X or ^ axes* ConstQ'aently, 
nT nay b© expressed in the non- paruato trie form 

X s (^ (^ ) 

»!i«ro IP { ^) €. C’ and U j^,) t! G* If we introduce s \ and 

s - IP { jll) as new characteristic paran;«ter8, we observe that 
eq.i»lior.8 (5«1B) re^saln unaltered in fora* Hen^e we say assuae, 
wlt'‘oit loss^ that the initial base C'urve ^ has the representa- 
tion 

(5*S*0) X +■ juu a 0 

In the X jK- plane* 

'C now ds'nonstrate that any solution of Systea A satlefyln^. 
the given Cauchy initial conditions is also a solution of the 
problen of Tliaorcrra 2 and Oa. This done. Theorems S and 8a are 
i-- edlate eonacq .e 'ces of "^sorent 7 and 7a, respectively* 

'^ollowlrig J ■ loADAkAlD 1^ P* 504, we show that for each swt of 
functions satisfying Eystex. ■» and the initial conditions on 
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\ ^ • Of th« S;at«a B la llkaalaa aawisfiad* Hota in thia 

pai*t of tua ar^ox«nt: «k> cannot admit timt P»qpr«a and t ara da* 
rlvatlves of u« i^nla la ao« a laattar of proof* 

Differentiating 7(Xpy; u; pf(U r^a^t) by X and obaerving 
•(|uationa (5*lS)p «e obtain 

(b.ai) ♦ Vs ♦ V* \ ‘fc* 

Hence ~ ■ 0 for each aet of functlt^a aatlsf^ing fyatea A* How* 
dX 

ever# by bypotiiealap F • 0 along • 0* Thus F = 0 throughout 

that region where the aet of functiona aatlaf^lng Syatea A la de- 
fined* Thia in turn ia^llea that 



eaaM region* by hypothealap l|^ ^ « 0 in thia re ion* hence 

(5.23) ll^s " - “"u 'J'* - ^ ts - "q ^ 
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therein* 

Since ^ * ** obtain fro* (b«18) by ainple algebraic 

operatlosui 
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By iLhBor** 7 or Theorea 7a» tb« functions of the set satisfy- 
ing Systea A and the Csuohy initial data are continuously differ- 
entiable and possess continuous sdxed second derivatives* Thus 
«e sMy porfora the differentiations in tia following relatlonss 
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(6.31) 
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end (5.25) 
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(6.32) 
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by (&*27) and (5*28) above* But Syatea A la satisfied^ 
(5*30)# (b*31) and (6*32)« by virtue of (5*25)« reduce to 

(6.53)[ 
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and 
o 

tbalr darlvatlvaa »lth raapact to A , Moi*«ov«r« along A * -yU. 
Sjatta B la aatlaflad, l«e* ^ ^ • 

For flzad jjl m aa; conaldar (5.55) aa a hoaoganeoua ayataa of 
linaar flrat ordar ordinary diffarantlal cquatlona undar hoao- 
ganeoua onapolnt boundary condltlona* Thla aystaa baa th« unlqua 
aolution 

- 'I's • ^6 ■ ° 

throughout tha raglon of definition of tha aat of funotlona aatla 
fylag Syataa A* By (5«23}« * 0 alao« and tha Syataa B la 

aboai to ha dapandant upon tha Syataa A In tha aanao aboaa* 

Proa tha functiona x^x{\,jji), y^yCX^y^^-) of tha aat 
aatlafylng Syataa A« «a aay fora tha Invaraa functiona X*X(x,y) 
J^ » jA^(x,y )0 alnoa tha Jacobian 

V “ ‘/"i * /’a’ V 

doaa not vanlah* Hanca aa aay aj^raaa tha function u « u(A ^ jk ) 
aa a function of the Indepandant variables x and y. 

Wa now naad to show only that 

(6.54) p « q » Uy, r » a * and t - 

throughout tha above region to coapleta the proof. 

How \ ’ P* X * * ° 

4'« ■ V * ■ ‘‘V " °* 

while tha dataralnant of this linaar ayataa la tha Jacobian (5.6) 



in (5.55) all functiona are known except ^4* 'I' 



and hanca doaa tiot vanlah. Thua thara axlata a unique aolution. 
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Eut p r 4 «• u obviously aatlafies and benco repr«s«nta the 

y 

unlqua aolutloQo 
Similar ly« 
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XX xy 
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“yy ^ »y 



a* The proof la now complato* 
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CHAPTER VI 

The Chirac tori Stic Initial Value Problem for 
?(x,y;ujp,q; r,s,t) « 0. 

The whole Idea of a character! a tlo initial value problem for 
the equation 

(1.1) P(x,y; u; p,q; r,s,t) « 0 

a ppeara paradoxical at first glance. In the Cauchy problem the 
preeoribed initial data was sufficient to determine whether or not 
the projection of the initial curve was characteristic. In this 
problem, however, we merely prescribe two intersecting space 
curves through which an integral surface of the equation (1.1) 
mst pass. Since the characteristics are, in gener^al, dependent 
on the Integral surface in question, it would appear impossible to 
determine, a priori, whether or not the prescribed initial curves 
have characteristic projections. 

That such la not the case is demonstrated by M. CIKC’''INI- 
CIERARIO In this paper she treats the characteristic 

initial value problem as a special case of the more general Gour- 
aat problem, l.e. where two arbitrary intersecting space curves 
are prescribed through which an Integral surface of (1.1) Bsust 
pass. Co'*aaenclng on p. P20, she gives the necessary and suffi- 
cient conditions that these curves bo oharacterlatlo to any in- 
tegral surface passing through then. We call curves satisfying 
these conditions "intrinsically characteristic" curves. 
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’n tbis chapter wo oxanlne hor Oovolopciont, for tho particular 
case of tho charas tori « tic Initial walsio probleo, np to tho point 
where a taodlfloO fora of tho syotoa of charactorlstio oq'iationo 
(5*19) and tho above nocoasary and aufficlont condltiona aro ob~ 
talnod. There are two Inportant dlfforoncoa botwoon hor dovelop- 
aont and that of H. LF»T jrlven in tho precodlng chapter. Firat, 
aho transforaa tho Initial curvos Into tho eoordinato axea. Slnco 
these curvoa aro charactorlstie, thlo laplies liaecdlatoly that 

s 0 and s 0 at tho orl*^ln. Thu* awiny of tho dlvlaiona por- 
fonsed In Chaptor V are now Invalldatod. Second, aho lo ablo to 
•olve (1.1) explicitly for a, obtaining 

» • *(3t,y; u; p,q; r,t) 

and thus to reduco tho nuabor of equation* In tho oyotos of char- 
acteristic equationa by two. 

*0 do not follow tho reaalndor of hor oxlstonce proof, in vdiicb 
aho rodacoa tho oysten of oharac tori otic equation* to an Integral 
equation form and then applloa ruccoBslvo approxlKatlor** to obtain 
tho oxlatenco of a unlquo solution to tho gonoral Oouroat probloa. 
Instead wo deal directly with the apodal case of tho charaotor- 
latlc Irdtlal value probleai by a sjothod analogous to that of 
Chapter V* Saoh an approach 1* Indicated by K. CT Jir-l Ki-CIBRAHIO, 
horaelf, []lsQ p.l30, footnote 8. She states. In effect, that tho 
follcwlng Theorea 0 can be shown to be a eonseq^ionoo of Thoorea 6, 
Chapter IV. wo present this proof In detail and, in addition, wo 
ox tend It to apply to the derivation of Theorea 9a as a consequence 
of *h«oron 6a« Ilie laiproveiaent obtained corresponds to that of 
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Chapter V for the Cauchy problea. Haaely, the req -Ireaant that 
/ e C”* 1* reduced to require aerely that ? e C' while the con- 
cluelon la altered to read "at least one aolutlon" instead of *000 
and o!*ly one aoltitlon”* 



Theorcn 9 

1) i 







y s 

u - Pj^(x) 




X = fgCy) 
^ 



* 



, + S3> 

P3,(x) £ I +^D* 

f g(y ) e c » • ( ) 



The point ,y^) la the only point of Intersection of and 
nr^ and It is interior to both curres* Koreover, 
and f *{x-)f_’(y, ) 1. (i*e* HT . &nd do not have a co3r;oa 

tan'^ent at the point (x^,yj^).) 

2) P ^ and are "Intrinsically characteristic" In a neigh- 
borhood of their point of Intersection, l*e« they swot the neces- 
sary and rafflclent conditions, given below, that they be character- 
istic to any Integral rurf ace of 



(1.1) P(x, 5 ; «; p,Qj r,B,t) - 0 

pasolng through tbea. As we shall see below, this hypothesis, 
together with hypothesis 1), tacitly Inpllss that at the Intersec- 
tion point (xj^, y^, Uj^) of and Pg the values p, , q^ ? r^ , 
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t^), the hyp«rbollc contSltlon 

P.® - * > °» 

•l *^1 -1 

Is sfitisflo^, (notation: s -\(x 2 »yj, J P 3 ^,Qj^;rj^,Sj^,tj^) ,etc 4 

3 ) P e C»»» In a nslghborhood of ths point 

(x^.y^J u^; Px.Qi*' 

4) Th«r« axlsts ono and only ono Integral surfac# JmM(x»y} 
of ?{x,y; u;p,qj r^s^t) « 0, d«fln«d and of class C**' In a suf» 
flelsntly sssall nsighborhood of tho point (x^jy^) and passing 
through subaros of r* and intersecting at the point ^Xx»7x»«x)* 

?heoi*en &a 
1 ) 

5) 

5 )» F e C»* In a neighborhood of the point 

=^ 4 )* There exists at least one integral surface etc. 

(as In Theorea 0 ). 

Proof of Theorems 9 and ga 

^e first perfo'TR the coor-llnate transformation 
(6.1) r at » X - Ag(y) 

L y * y - fj(x) 

taking T 31 into the x axis, HT Into the y axis and the point 
(Xi, 7 j^) into the origin. This transformation 1 s univalent in a 
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( 6 . 2 ) 1 - i 0 

bj hypotheale 1). Ceonotrloally, this iwans that and 'T'^ do 
not have a cocsTion tanf,ent at their point of Intersection. 

Without loss, »e say ass’»«e hoRogeneo.is Initial conditions. 
’*?or, suppose we have an integral surface J: u*u(x,y) of equation 
(1.1) pasalr^ through the c jrves H and then by the above 

transforaatloD, considering (6.2)» 

(6.3) u(x,y) • u(x(xpy), y(x,y)). 



and hence for any auch ini^igr-a;! surfeoe 



(6.4) 



P^(x) X u(x,f^(x)) 

:>’j^(y) s u(fg(y),y) 



X u(x(x,f^(x)), 0), 
» u( 0,y(f^(y),y)). 

iU 



Letting . 



(<®.5) w(x,y) « u(x,y) - u(x,0) • u(C,y) +- u(0,0). 



and since, by hypotheals 1), f , f , ? and •’ e C**, we obtain 

1 S 1 s 

(6.6) r w(x,0) r w^(x,0) » m 0, 

\w(0,y) r w«(0,y) s w^(0,~) s 0. 

Thus we nay reduce the problem to that of finding a function 
w s w(x,y) which vanishes on the coordinate axes In a vicinity of 
the origin and satlsflss there the transformed fora of equation 
( 1 . 1 ), 
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(6.7) + Lw+Sl^y. I> + £1 ,yJ [f 

wh«r« 

(6.Q) g(x»y) • u(x,0) 4- u(0,y) - u(0,0). 

Th« function g la known froa tha praacrlbad Initial data. 

?or el-npllcity, we return to Ofjt original notation and state 
the problea In this way* 

To detenalne the function u s u(x,y) satisfying eq^iatlon (l.l) 
and the initial oondltlona 

u(x,0) - u(0,y) n 0, 
where, in the Jiotatlon above, 

s « r * t^ s 0 
O *0 o o 

and 

(6.9) ?(0,0; Oj 0,0; 0,s 0) = 0. 

o 

By hypothesis 2), there exists a unique value s^ satisfying 
(C.S). 

Th« characterletic base c’ rves tind, a fortiori, the hyperbolic 
condition are Invariant under the tre ns formation (6.1). (See 
n. C0T.A?"r - D. ^17] p. ^04.) Uorsover, the substitution 

w « u - g also preserves the invariance of the equation for the 
charaoterlotlo base curves and the hyperbolic condition as is 
easily seen by differentiation of (6*7). Hence, by hypothesis 2), 
we have the hyporbollc condition 
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- * V *’t> 0' 

o o o 

*hllo the equation -for th« charactarlatlc curve direction* at 

the origin ie 

(6.11) Fj. dy® - dxdy x 0. 

o o o 

Hypothesis 2} iaplles that the coordinate axes a^ast be char- 
acteristic bass curves* Sy (6.11) ar^i (6.10) this In turn isspllea 

that r P#- z 0, and hence that P_ ft 0* Sut now the laspllclt 
0 o o 

Partition 'Hisorea tells us that in the nolj^borhood of the point 
(0,0; Oj 0,0; 0, Bq, 0) equation (1.1) can be solved explicitly 
in tho form 

(6.12) s - f(x,yj uj p,q? r,t). 

under hypothesis 3) or 5)*, the function f e C»*< or C»*, respec- 
tively, In a neighborhood of thle point. Korcovor* 

(6.13) f_ s ft r 0 and s„ s f 

^0 'o 00 

while the hyperbolic condition becoees at the origin 

(6.14) 1-4 f~ f. « 1 >■ 0 

o ^o 

and the equation for the characteristic base curves becosses 

(6.15) fy dy^ + dxdy = 0. 

I.et ua ass!»so that we have a partic 'lar Integral surface 
J: u s u(x,y) passinr through the coordinate axes In a neighbor- 
hood of the origin, with u(y,y)e C’’* in this neighborhood.. 

• s define 
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\ 

(0.16) is -I 1-4 <?• HL ,(T=1X . 

‘ ' !■*-& 1+S 

^ ^ an<3 (T" being of ole«» C»* by hypotheala 5), or of claas 

C* by hypoth«ai« 3)** In the varlablea x,yj nj p*qj r,t in a 
celrhborhood of the point (0,0; 0; 0,0; 0,0)* The two one-peraa- 
et«r facillea of charaotoriatto base curves eorreapondlng to J 
aro thus rapre canted by the equations 



7x 

(G.ie) T . 

Kote that ^ Q s 1, hence ^ > 0 In e rwlghborhood of the origin, 
while 

Ac in Chapter V, to obt.nln the cyitaa of characteristic equa«» 
tlons, we transfora to the characteristic base curves as co- 
ordinates aiid consider what relatione must be satisfied along 
these cooi^airjates for any given Integral surface J* In parti- 
C’^lar, wo specialise th« transfomatlon 

r X X x( ) 

(6-19) \ ^ ^ 

I 7 " T(\ 0ju^) 



by stipulating that a line X s constant shall have x-lntercept 
( X ,0) and a line ^ m constant shall have y-lntercept (0,^), 
with \ r yx. X 0 at the origin. The Jacobian of this transforsc- 
tlon, evaluated at the origin, has the value 



(C,£0) X y -7 X ST 7 

Ao^O ^0^0 aO^O [® 0 



X\ y ^ 0 , 

AO /^O 



since If X ^ s 0, then y^ * 0 by (6,17), contradicting the re- 
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qulreaent that x" -j- y' t 0 along any chsiracterletlc curve. 
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ilailarly, IT 7 = C, th«n x s 0 by (5*16) an<3 th« contradlc- 

Ao o 

tion l5 again obtained* 

Paralleling oar dovelopsaent In Chapter V, we aee that certain 
detersilnanta nsaat wanlah at each point of the integral surface J, 
yielding equations which ssj»t be satisfied along the character- 
istic* on 7. '^6 have 



(6*21 
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where 



( 6 * 22 ) If} = 



fr + f f -h f p -t- f • 
p q u X 



also 



(6*23) 
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(6*24) Efl -ff+ft+fq + f. 

7 " P q u 7 



Zlinlnatlng between (6*21) and (6*25), w# obtain 

S. . S, J. 



(e.23) 






-UrlyVx\ =0. 



By virtue of definitions (6.16) atul equation (5.17), we way 
write (6*25) as 

(6.26) ^ 0 



mk Ml .,$ • M 






f * 1 ^ ,v *1 




• :e^- 



< < 



V* V • V v«-» 



•».*<»t>'l^(»iV»/».V«l » '/•• 

-» ^ ft 

I u. 




•,‘V* y S-i*r 

^ * * 

p#iA» Cr ||fti««) ytinr^ 

-p»>«* .(vtuO — y •*» Mi y ww< t% MVir « 

•A MhB 

l-in* 



t « I » ' 



I 



76 



trh^re 

(«. 27 ) . 

Pet, HA Ahown abovf, ® Hlon3 may of the character! itlc 

base c*3rv«8 of J of the correepory^lng faally, hence (6.2G) reduce* 
to 

(C.S3) f^® • H( A,y^) 3 0. 

^ere f ^ ^ 0 we have i®iediafcely that H(A »yw-) r 0. Suppose 
at a particular point of J that f^ s 0. Then by (6*16) arx<3 
we have there that 

(6.29) ^ * 0, <^ * 1, cr * -fj. ao6 y^ r 0. 

Th’.ie, at thle point, by (6,24), 

(6.30) = *y^A * ^y y^*A ' 
while by (5*22), 

(6.31) r^cr ® = = f/(»^ - W ,»A ’• 

Substituting (6.50) and (6.31) Into (6.27J, we obtain that 
where s 0 on J, n{ A , ja,) • 0. Henco by (6.20^^ H( A »j^) ■ 0 
everywhere on J and represents u relation which swat be satisfied 
along each characteriatlc of the corresponding fcnlly on J. 

.’or the other fastlly of cfcai*actorlstlce on J, we have Jeter- 
r.lnants corresponding to (6.21) and (6.22) which vanish at each 
point of J. Elbwlnating a between these and arguing In a 
fashion analofous to that above, we arrive at the following rela- 
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<;lon which n:i*t he •fcfelaflod along each charactarletlc of thle 
faally on J : 



7® are now in a position to preacrlhe the necessary and saf- 
riclont conditions that the coordinate axes be character! sties 
fnr any Integral surface of 



passing through then* 

Suppose that, in a nel?.hborhood of the origin, the coordinate 
axes are character! at Ic to soae Integral surface J: u»u(x,y) of 
(G.l?) passing through then. Then In tersos of the characteristic 
base curves to J as coordinates, defined by the coordinate trana- 
forrsation (6.10), we have for Ot 



x» X , yxO, usp*rjcO, qwQ(A)* t»T(A)* 

where, fro» (6.10), 

(6.3S) Q»(X) a f( A,0; 0; 0, Q( A )J 0, 7( A)), 




(6. IS) 



8 « f{*»y; UJ p,q; r,t) 



while, fr<ra !!( X* y^) • 0, since ^ s 0, S « 1 and 



while, f 




Voreover, 



(6.35) 



Q(C) X 7(0) s 0. 



w 



•ijn ^ 







9 ^w^nmr 



* jm 

m If 






li«r p mi mm m 

M»«ir 



i» n^rtm 



Itun 



^ »1 






€3 * 






U •€ 



If % 



9 »«k# 

t^l 

ii ^ 44 MW. 

«l^ff « # tlXlC • > f 9 • «*4tt4«« 



•*»«i«ai 

iS 

lOA H #f tiiX |a fS It • I fia«ii 

* tW tv mmr^ i*!^ 

mm % 

•« • 19 1*.^ > JLW^ • • IMI* f* '" v»v<. 



ja t • ^611 



m*m 



73 



^q^itlon# (6*.^3) Rcd (5.34) r«pr«8«nt * lyat®* of £lr«t order 
ordinary <51ff«x*«ntifcl 8qnation« undor ozi« point bo’jr.dary condi- 
tions (6.35). Tha right hand «ld«« of tha equation* of thla «ya- 
t«B are of class C'» under hypotheols 3), or of clas* C* undar 
hypothesis 3)>, in the variables ^ , C and •• Hence, in either 
cate, the functions Q and T ara uniquely deteralned In a ntlgh- 
borhood of A « 0. If the x asda It characterlttlc, these ftxnc- 
ilon:» rrret flloo satisfy 

(G.3C) f^{ A ,0; 0; 0, Q( A ); 0, T( A )) s 0. 

Similarly, for A » Oj 



X s 0, 


7 • ^ s » 


t«0, p = P(y^), r« 


) 1 


whsre , 


fro« (C.15?), 






(6.37) 


T{j^) s f(0,yt 


'a# 

o 

> 

o 

o 


» 


while, 


fro» JC( X , y^) a 


0, since (T= fj, » C, 


^ • 1 and ^ M - f^. 


(6.23) 


K'(^) "I'm, 


; + ^t Ci'l yl (0,yU. }0j 


P(y^),C; I.( ^),0). 



p'oreover. 



(C.,:?) P(0) s 1.(0 « 0. 

3er.ee, If the y axis Is charactcrlatic, the functions P and 
uniquely detem-ned by (6.37), (6.33), and (6.39), nrjat also sat- 
isfy 

(6.40) fj.(0,yxj 0; -'(^),0; r {^) ,0) - 0. 







•• • rrivr ^ jpi^i 
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•#«n.r<wt4 fi^r.^i»iiA (m^ 



7 ? 



r? r«capitalAt*, th« nacaasary condition that tha a axis b« a 
charaotsrlstlc of ao’se lntS(iral sarfaca is that th« functions Q 
and ” d«tsj*alnad fro* ths #ysti9» (6.32) and under boundary 

conditions {6.3£>)> shall satisfy (C*3€) for sach A in a csii’aoor- 
hood of A = 0. The necessary eondition that the y axis be a 
chat-act eristic of aos*e lnt*»Tal surface is that the fucctloaa P 
and r deteraln^d froa the syste* (6#37) and {C.2D, under boimd&ry 
condltlcna (6«33), shall satisfy (C.40) for each jju In a nolfh- 
borhord of ^ r 

te no* shoe that these cor Itions are also sufficient, !.«• 
riven In the vicinity of the origin, an Integral surface 
J: u s u(x,y) of (€.1?) passlnfj through the coordinate axes, »lth 

(6.41) P (y) « u (o,y), Pivy) « ’u„(0»y)» Q, (») « u^(x,0), 
and T. (x) « u (x,0) , 

we show that the requirement 

(6.40)' fj.(0,yj Oj ?j(y),Q; hj,(y),0) r C 

Is s’fflclent that the y axis be a characteristic on J. 

The arc nent needed to show that the requlreisent 

(C.f-)* f.(x,0; 0; 0,;: (x); 0, T (x)) - 0 

11 

Is sufficient In order that the x axis be a characteristic on J 
is analo-'' 0 'us to the following and will not be given here* 

e reed show only that under requlreasent (6.40) ♦, P, (y) r P(y) 
and »-j^(y) « I'.(y), where ~(y) and R(y) are those f'un''tlon8 obtained 
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prevlc ’tly un»f«r th« «»«urq?tIon th«.t tha y-«xle »ai "intrlnsiCiilly 
characterlatlc** 

Wo* ■ Pj^(O) r 0 Blncc «(x, 0 ) ■ 0 * sloraover, alnca a, 

*atlsflas 

{ 6 . 1 P} 6 r f{x,y; uj p,q; r,t), 

for X * 0, 

(e.37)» r^‘(y) r riO,y; 0| P,( 7 ), 0 ), 

So», recalling that u e C*’», 

(«.4D *, * ‘‘r ^ 

(6.43) e - f r -+- t 4 - E-f^y* 

jr ^ y “ 7 

fince '^{ 0 , 7 ) ■ 0 , »« o^taln t {C,t) « 0 , drifting « »(y) 

y 

and tubs tl tilting (6.43) Into (6«42) *ith s r 0, wa obtain 



(6.44) * {0»y) * r^(0»7) 

r *(7) + f 6 Ty + M , + [-fjy 

<^ot, tt{0,y) z u^(0,y) « «yy(0,y) « 0, banco by <6.44), 

(6.ss)> , + fjM, + oj 



Fow aquation (6.37) » la praciealy tha aa-aa as (6.57), while 
requiracer.t (C.40)* Is sufricicnt to reduce (6.38)* to (C.’^). 
5*at this laplles that Pj(y) * P(y) **^<3 ^^^{y) r h(y) clnce the 
solution of tbs syatec of ordinary differential equations In 
question Is unique. 
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In th« for«is,oin£ <re have derelopvd a procainre for 

'-’eter^ilnl nc 'whether or not the Initial curves are "Intrinsically 
charaeterl etlc". By tranafomatlon (S.l) an’fl Bvxhatlt'itlon (6.5), 

W6 red-’ce the initial curves T and P to the coordinate axes. 

X ^ 

ir now a can bo uniquely detoralned Tror. (6.S) we nay verlTy the 
o 

hyperbolic condition and obtain the characteristic directions at 
the orlrln. If these directions coincide with the coordinate 
axos, then equation (1.1) can be aol’-ed explicitly "or (6.1J?). 

''ro’u thla, the lycton (6.37) and (o.3Q) under boundary condition 
(6.39) can. In prlnolT?l« at least, be solved for functions P and 
* . fd.nally if ? and R satisfy (5.40) then the y axis is char- 
acteristic to any Integral surface of the problsa, l.e. "Intrinsi- 
cally characteristic". Likoelse, fros the systea (6.33) and 
(G.34) under boundary condition (C.S5), the functions Q and T can 
be determined. If these satisfy (6.36) then the x axis is 
"Intrinsically characteristic". ITotc that R, Q and ? are 
ovtdently of class C*. 

Havlnr Iven hypothesis 2) a precise steanlng along with a pro- 
eedur* for determining whether or not It Is verified for a given 
proM'“r, we centime with the proof under the aeaumption that 
hypotheel* 8) is verified. 

■’ro-i eqt?atlone (6.17), (6.18), (C.P7), (C.32) and the strip 
conditions we obtain the following systea of charaotej^istlo cqxia- 
tions, which exist be aafclsfl*'d aloiir the characteristics on any 
interral s'jrface J: 




mm % m^ U trn^ f# «« •! ym»9 lf^«4^ 
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^ m 3 

‘fj * "X - p*x - «yx * ° 

V*-^X * ”X * '■^x = ° 

(6.45) !<>J = q, - fx^ ■ *7j^ s 0 

^1 = V - cr^ .0 

-rv -ifip, ym,] y 

1^3 = S 0 

lt^4 = ° 

l |^ 5 « - ^ y;c - S 0 



sEystca 

A 



j,Sy*te« 
B 






w« observe that System A of (6.45) is of eanonlcal hyperbolic 
fors in x,j; u; p,Q» r,t a» functions of X J^ • Since for 
Theorem P, ? e C»*», vhilo for 'rhecrea 9a, F e. C<», the coeffici- 
ents of all equations In (5.4S) are functions of class C’* for 
Theores 9, and of class C* for Theorem 9a* Koroover, the aatrlx 
of coefficients for Sj-otes A la, after interchange of ro«a and 



columns, 

Y 

1 



(6*46) 
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ft 

■ft 



1 0 

-cr 0 

0 cy - 

ft 1 

ft 0 

0 



I ft ft 0 
- (1 - per ) (cr2p2«x) - 



0 0 
0 0 
-1 0 
-/> 0 
0 1 
0 0 
0 0 
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vhcro the co^friclsntB only by ••torlska, do not 

contrlbuts to the vml-’e of the doterElimnt* Biit S>0 ercryirher* 
on r In ft nelchhorhocJ of th« ori£ln, bonco the detorrli-scnt 
(5,4u) dooft not V8.nl fih thereon. 

to the initial condit* nci, we hftve^ by hypothesis 1) of 
■yheoz-rsTa 9 Rnd Oft for JUl s 0, 



5f«X » 7*0# ’•* sp = *'"Q» <Jsh(A)» t»T(X), 

ftni for \ 5 ? 0, 

^ * 0, y -yx. , ti • *1 r t » 0, p e F{ yl/-)# r » R( 
where T and P»K are doto.w. nod fro. their reopaettve eyateRs 
and ftre of claaa C*. 5^or'^ov«r, for JA « (I, by (G#56), « 0> 

Q9 I? z Og ^aX» iiiai (T * - ?lxl» together with 



ue 



7^ s r \ s XI 



A 



\ 



* 0 er«l erjuiitlon (G.24) prove that 



( 6 . 47 ) \ fO) m X # 0 ) 8 (^^(AfO) « i^j.(A, 0 )s 0 

for all X *n a ael£hborhood of A * 0. SlKllai'ly, for A * 0, 
by (G.40), fj, - 0. Hence CT « 0, s 1 end - f^. This to- 
gether with - t ^ z xi^ 3 r 0 &xid eq-.iatlon {6.fS) prove 
that 



for all ^ In ft neighborhood of r 0. Thua the Initial condition 
I'eq-lreaxenfce of hyp^lhesls 3) of Theoreas 6 ai^ Gu are cat: tried. 

Llnce the coefficients In (.,.-15) are of clasa C’* I'or '^beoreei 
■, hypotheses 1) and 2} of Tliooren 6 are latlefied. Also, eince 
the no‘»ffi dents In (C.43) are of class C for Theoren G&, the 
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co»ion hTpothetls X) or ?h?or«aa 6 and 6a la aatlariad^ but 
hTpo^haala 2) oT Thoor«a C, a h^pothaala icblcb do a not apptar In 
?h»or*a Ca, la not aatiaflc^?* ’Thus If wa no* ohcir that any aolu- 
tlon of the canon! eal hyperbolic ayates^ Gyatea a of (C.<5), eith 
the given charaeterlatle Initial con’lltiona la also a aolution of 
the corraaponding proble* for the equation 

(6.12) a « f(x,7J u; p,q; v,t) 

vith the aa®a initial conditions, than fheorea 9 la an i-v^dlate 
conaeQ-jence of l&eores 6 and iheoreta 9a la an I'^^rjdlate conaequonc# 
of Theorea 6a. 

As in the Cauchy problea Chapter 6, at shoe that for oaob 
solution of System A under the given character! etie Initial coodi- 
tlonc that Gyatem B la likewise eatlafled* Kota that hero we can- 
not assurre that p»q*r and t are derlvatlraa of w; this la a emttor 
of proof. Recalling fren ^eoreae 0 and Sa that the functlona of 
the solution of Syatea A, x,y,u,p,q,r,t arc of class C» and that 
f & C*** under hypothesis 3) of Tlioores 9, or f e C** under 
hypothesis 3)* of I'haorca 9a, we obtain by differentiation and 
consideration of (6.15) that 



(6.4?) >(> =p^x^+yy^ -!>x V 

i'oreover, since r ^^4 = 

(6.50) 6^ , + -Vx + *Vx+ Vx+ Vx+ Va+ -Vx 

• + ^t‘x '-'J* *x ' 
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f* f: 
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> ’ "r> " ^t> ^ *p> ' ‘<iV" 'y> 



+ f ijy4fiV 4-r ly, . 
pT 4 ^Q" 6 tt *3 



P 14 ' q ' 6 
■nai# by (6.45), (6.50) and (6.51), 



(C.5?) ij; 



<»x 



• r T \ 
•f / \ 



r„ + f, 7^ 



T. T -At 

A A y«- 



+ <--> ’'X f's - 



ar^ 



(0 



► 5 ’) d? \ “ s i, X V 4 - i, y. - Tv X - ty y 

T5,X X^Z-'A X/t 

/ I d* * 1 ^ . f 1 7 ^ /W / 



S ^ 






- >'^*x fz + <^r> V 



•taking Into ttceount the fact that $T#t«3 A Is satisfied, a© ne- 
dice (6.49), (0.52) and (6.53) to th« systoip 



(6.04) 



'i^s.X 

^s.X 



= ')^4 *X + 'I^s’’a 



oi* fixed Jyu , (6*54) r<'’'rnaerjto a synton of llnea:*, U--aso- 
rerfCO-ts, first ordar ordinary differential et^iatlons for the fane 
tions ij/ 2 > ^ ^ and p ^ of the varlatlo A • J2oreovor, by (6.43) 



t- • hV +*V * 

tIIMt ■• MM • 

*' j? ** ^ f * -r’ * !(•►“ ' 
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%V f!*^t • 

If 1^ 
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Ah'* 



Co 



th« lOROgBJiaouii eiw point bO'jinuai*y condi^loas 

ssjgt ho satlafiad* E«no$, ths ualqua solution for tho syotem 
(C.5<) is 

t,= t = ° 

wborcYor tJvs solution of systsa A Is dofiaovi* 

Coraldsr th* llnsar slgsbrsic oyotem, 

(0,5.) *^X 

i T 3 ■ '> ■ ’ 

rho dotoralnant of tLlo sjsttm, by (G.fO)> doos not Yanieh in 
a nsl^borhood of tho origin, honco in this r:^ij^hborbood thsro 
exists a 4Kiq.ie solution for p and q» Since p « and q r 'i. 

^ y 

satisfy (Cm55) they aro the solviticm of (G#55) 
rlallarly, from 



(e. 06 ) r = P;^ - r * - fy^ 

[ 11^4 * - *■ > - ' 

re o. tain r r u__ and f * u_, 
rhils frca 



(G.67) \ 



5 



X q 



X 



- fz 



X - ‘=^x 






- fx, - ty, , 

A A A 



*0 O' UJn tha u*dii5cnal irforaatlcn 
tny solutl DH of Sy» t«]ii A uj-..er the r-i 
conditions satlsflss the eqactlon 



that t • '-^Yy* Consequently, 
Yen characteristic initial 
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V = “! “ac' 



in ft nftlf^>borhoo<2 of tbe point (0»0; Oj C,Oj 0,0) and tbe proof 
of Theoressft 9 ai^ Se 1» no* ccwplcto# 



let 8 dosif'nata tUe pro'.lea co'.slCorcd In r‘:.corsjc3 0 an' 5a 
ftn tvoLl^T- Zy vlrtuo of tho oxpoaitlotj of Chapter If and thla 
present chaptor, *o nay aeaoclsto to this probloia a partlcrilar 
Troblars II, of ths tpr/O constderad in ^heoratio S and 3a of Chap- 
tor n. Aa re have shorn, any solution of I Is a solution of II, 
and, eonvorsely, any aolutlo: of II* c a sol^Jitlon of 1. Vhei** 
for I, ^ C‘»*, ?heor*«s 3 tell* ua th«t the solution of the r«- 

Iftted rroblcti II is Hence, as is stated in Itieore* 9, 

the sol'itlon for 1 It likeT-iso *:nlq\iO* If, however, for Fr-obler: I, 
e C»* Oi'ly, then Tn.eor«iK 3a telle ug merely that the related 
Pi'ol lesn II h»5 at leugc one solntlcn. tToreover, Heanplo 1, Chap- 
ter I, tells us that this solution cannot be shorn to bo unique* 
rust rot conelude sterely from the above that for F e C** 
the solution to Froblet I rernot bo tho^n to be nique* ?e can 
eay, thCf’^h, that any proof for uniqueness, if such can be isade 
at s'* i , *lll apparently have to bo based upon ar^uKenta iniiepenuent 
of thrsi of this paper. 



Chapter VII 

Tb« Soandary Valua Problctt 



OD 



for u a , « )• 

XJ % J 

In tho terclnolosy of J. SADAPAhD^i^^ appondta II, p* 45€, 
the »latod hyporbollc boundary valua problaa It on« in thlch «• 
prtacribo th« Taluat or th« lnt«g 3 [*al aurfaca along two linos 
Issuing froa a point, ono of which it characteristic to tho sur- 
face in question, while the other is nowhoro characteristic* 

J. RADA.s'Ar^D, in the r<»for«nce above, ard E* FICAKDItI, p«lSS, 
prove the ealetence of a unl^jie solution to the linear equation 

(7.1) ^ + « ’'i * 

a, b and c continuous fumrtlons of x and y alone, satisfTing the 
initial conditions 

(7.2) u(x,0) s ii(x,x) •• 0. 

In i^iaoren 10, below, wo extend their conclusions to the 
equation 

(7.3) Uj^ X 

asaintalnins initial conditions (7.2}. The result is well known, 
but does not appear In the literature in the precise fora stated. 
7e require this precise ststessnt because we wish to proceed fross 
Theore® 10 by the etthods of chapters IT and III in which »e re- 
lax the Lipschlt* condltlo' on the f^inetlon f to reqilre •5-rely 
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th»t f b* partially Llpachltslan. Thus »• obtain tbs iKtprovocS 
stat*-»sr.t of Thoorojo 10a. 



Theorem 10 




f(5^#yj u; 



P#<l) 



e 



C{E),PxV 



0 

0 



5t ^ 

^ y ^ 



/ 

/ 



-a < u ^ a 

-b ^ p ^ b 



-b ^ q ^ b 



f Is Llpschitsian on B (as dsflnetS in 



Thsor«B 1. ) 

K a, V / ^ b, whsrs 



I? s sMix \ f I on B 



4) Thors exists one ang only ons function u(x,y) e C*(R), 

fO ^ X 

^ C(H), whors Kj\ , such that for each 

^ [0 ^ y ^ / 

(x,y) s. the point (x,yj u(x,y); u (x»y), u_(x,y)) e B, and 

X y 

* f(x»y; u(x,y); u^(x,y), u^Cx.y)), 
o{x,0) s u(x,x) « 0 for sach (x,y) e B. 



Proof 

This proof is bastd upon PI CAPO *8 variation of the ssethod of 
succossIys approxlnatloaa, \^l\ p. 259 or {^73 p. 117. Eero ths 
unifors con?ergencs of the approxlsating functions to the solution 
Is verified by means of a tsajorant series. Ths majorant serlss 
used Is that obtained froe the approxlrasting functions converging 
uniformly to the solution for the particular linear equation 
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(7.4) », 



with thfi jacw IfllClal can-iltlont. K i» th« tlpwchit* comtxnt 
for the function f of {7.5}. PICAKD applied thle technique to the 
characteristic initial ralue probl»», obtalnlac Hieor#* 1 of Chap- 
ter II. He thus obtained the theosrest for the charaoterlstlo Inltlil 
value problea for the i^on-llnear equation (7.3) fro* the theorea 
for the characteristic Initial value proble« for the linear equa- 
tion (7.1). 

Por the oixod bo=andar 7 value probleis ujtder consideration* a 
curious altuatlon arises* ife do not obtain a »ajorant aeries froe 
eqxtatlon (7.4) under mired Initial conditions. However, eo do 
find that ?ICASn>f fssijorant aeries for the characteristic initial 
value probl«« serves as well for this probleia. Thus Iheorem 10 
follcwa not from the theorem for tlje ajlxed boundary val*:e problem 
for the linear equation (7.1) but froa the theorca for the char- 
acteristic initial value problem for equation (7.1). 

It is eufflclent, as we ehall demonstrate later, to show 



existence of a unique solution In rerlon R«t-\ • 

** L 0 j ^ % 

Assuming (x,y) ^ R , we aay express the problem as the integral 

s 

equation 



0^X4/ 






and 



ti »1 



*^ * ^ * •* t • ^ (h.n 




* •* • **'*»•*% L* 



-.•^•t-wwiti, iit 

• If *V^ «■ 4 



r«^ 
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(7,7) ) *^ f(^ ,y; uj u^)dj- (y, . 



*To for*s the •ucctsalvo a>pror-irsiSlo:ia 
^ Sj^(x,y) •'l I °l °»®) 



(7.S) 



'ijtx.yj aj\ r(j i oj Q.oj aij^ 

«g(*.y) ' “X* “X.*' ’■"x.y’'’'^ 



o„(x,y) B^V 



y 



* Vx’ '’n-X.x' °r.-X,T’‘’ 



V. 



wh«r», by <*1 ffertRtlfttlon, 

(n « 

“"- 1 ’ “•<-!.*’ "n-X.T>^l 

(n a 1*2»*** * )• 



L'lnce the point (x,y} Of 0,0) e 3 for {at#y) e Rg, by hypothe*!* 
3), 

\ti^(x,y)l ^ H (x-y 1 ♦ 1 tU ^ 

l^i^ 3 ^( 3 t»y)l 4 a )y\ 

lbx^y(>»y) 1 ^ a - y I + lyl] 
e a |x I ^ ^ b 

Thus, by inSuctiors, for all n an2 for any (x,y) e 
r \u^(jc,y)l ^ ft. 



(7.11) 






i»* « w m i, T I > 



^ **▼«<•♦* 
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^ « i|y«i «i • « UM |D «tM» *mm M 
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Oar purpose If to show t!mt on R 



,7.«, 



unlf 



^ u and 






7 unlf 






such th&t the fanctloa u and Itf darlvatlTff aatisfy coneli'flon 

4) for (5t,y) e R • 7(5 accoatpliah thif conflder thf oacc«»elv# 

2 

approjrliaatlons 



Wi(x,y) » \ a 



'ksI^ 






(7.13) 



• s 



# 



»h«r«, by differentiation, 

y 



(7.14) ^ )d ^ . 

(R s 

'n-l.yl ' 

(r - 



Here X - cta,x |fj on E while E la the Llpachita conetant of 
hypotheala 2)» 

Kow Wj^(?#y) m Xxy, hence r^(x,y) • Wj(y,x). Moreover, 
w^^j^(x,y) w Hy, bence « w^^,.(y,x). 



Let US r:ake tho indjctlve hypotheala that for aosae fixed 
positive Integer n, 

(7*ie) w^(x.y) « V ('r,x), w ,(x,y} z w^ {y*x). 

n n ^ n ^ 






» • 



tKS/H 



•(***#Vi • 




* 4«^j \ t • 



^ *^‘’*«7 • *^**md* 






9S 



But this iispllss that 

(7.17) (x.y) s (y,*) 

and thus, by (7# 15), 

Also, by (7.14) and (7*1&), (7.17) Inpllss that 

•n.l,x<’''»> * S V.x + \,i\ (*•!?)<« 



c r» + * „ + » 1 ( ^ px)d ^ 

JO ‘-a n,x ^ 3 



H«ace, by ixv^uotlon, (7#16) holds for n * 1, £,*••• 

In th© referancai q>;»ot«d above, shoaa that 



ix *n.y • -y' 



00 CD 

(7*18) = w, w • » , 

nsl ^ nsl * 

©ach unlforasly cotiTargent on R, «h«r« th« TunotloD w and its 

derivatives satisfy 

(7.19) ) ^ X y 

[ig(x, 0 ) s «( 0 ,y) a 0 * 

f*© now show that these series a 2 *e wajorant to the series 

(7.20) Z (u.-0„ ,), ^ <«n ,>» ^ 1 J' 

I’ospectively, for each (x,y) e (with s 0). 

Ifow, for (x,y) s: 

oj o,o)j 

l«i,,(-.y)^^ 1 !■(*.'[ ! 0 :o,o)| alj^j’^sal^ « 






I 



M* 






^ r^T* *»'*»n>* 

iintt^t ff 









(••^^|t «4-*l «Ata* lAMI .M«k*aietV 4f* 







rl»«^ •Iff «^«ft«t4.M4 



-m ^j;p 'iv«vn 
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M» 7 ) 



z[^ Z V, 

"Jo ^ ^»y 

Also, abbreviating o-sr notation ao*as«h«t. 



^0 “i.y’ 

-f(|- .^[ » O; 0 , 0)1 






ag ( K [-^ + + . 



l.yl < £ «'Z ^ 



So*' L*X + -I,. + ’l.yl '"' \ =’s.. 

* S y W *r.* ^- ’i.tI ' ^ 



r 1 ? 



2 » 7 ‘ 



H«nc«, by tndactlon, w« obtain for n « l,r,*** 

'h,x ' 



'«- -^n-l! - V ! ^n,x-r-l,xl ^ •“ 



n 



( 7 . 21 ) \vL -u 



rn,y '"n-l,y 






n,y 



for each (x,y) e Rg* 






» U»ii» Mjy% i»i 



•n •, 













9h 



1 ^ 



J •» f ^ • ,*i»; / 



gjj^ j 



^-t • 






Uj*‘ ^ 

c'<»* il tr.V *4,P *P, 



« 



» . 



9^ =» 



ii;> 



liMiTI 



<! 



I - 



^1 









ytiJjia tht *eri*ia <7*16) to th® eorr«apor5fi;ln^ s«ri«a 

of (7*^). vor^over, the reqaireaeats for tereiriee differentia- 
tion of an Infinite «;:» are satl«fle:5 aic<Mi each of the eeriae of 
(7*P0) le no« known to fee 'vnlforely eonwergent on R^» Bence* for 
ix,r) e 



r J? 



(7.2?) 



1 



n«l 

Q> 



n n-X 



) e u 



^ s 

n * a *5— X * X a 



CO 






n*l n-l*y I 



or* In other tersse* elnce each of these serlee toleecopee* 
( 7 . 82 ). 



on F^. 



now verify that the SSxrjitlon o as<2 Ita ^ferivetlvee u a£3d 

a 

u^eatlefy the Integral e q^iatien etatsaent or the proxies (7.5): 

^ 1 u(x,y) - a (x,7) 1 +C ^fCl *<? J«^t^*u ) 

R OyjO ^ *y 

-r{ J- * ^l -.-l*y^l ^ 'Z. 



(7.23) 



1 a( 3 ^*y) - u (x,x)| 



+ 



S 1 o' ['“■“o-x !■*■ ' “**“<---i.* ' •+ l"r ■ 

“n-l,yG •'i 




jly} 

^ ^ m iM ^ 

^f*V*»«**« ,N t**^? * *•'*'• * 
A ^ •*‘^^** *'«w^ )> 

{♦*»»^ ^ i»W<i«» ( ^ 

^ ♦! Y^ >*•*/ r 
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ThaSf by given ^>0, there exiete e poeltive integer II* 

depending on ^ elone* eueh that n ]> N 

(u(»*y) - ^ ^ u^,u^)dVj^ |<1<^ (leSK/*), 

for (x«y) £ R • But £ ie arbitrary* hence the integral equation 

Iw 

la satiefied. 

By (7.11) and (7.22)’ ec ee® tlant for any (x*y) e Rg, the 
point (x,ji u(x*y); u (x*y)* u (x*y)) ^ B. Thus existence of a 

* J 

solution on R is now proved. 

To prove uniqueness* let us suppose that u. and u are two 

• 2 

solutions on Rg* then 

(’•so V “a.»' “a.yM “'i 



(7.26) 



-f(x.Vj^, V “2,x'"2,yM 



7 



(7.86) -'(/ •»» V “8,x'“ii,y> 1 



+ 




; <l^t >»l.x*“l.y> 
-f{y.Vj, u^, 
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With K»t 



0 -^ a ^ - 

t* * Bln (1, /, ), «• h*v* 



y ^ X 



Ip (x,y) e C(R*)« Moreover, there exlete e point (x^»y*) e R*«uch 
that ^ (x»,ye) ■ Ja, nhara ^=»ax ^ (x,y) on R». But, adding 
(7.24}« {7»25} and (7.2C) tm obtain 

^ (x#y)^ K /L^(x-y)y ♦ y ♦ (»-y) ♦ 



he net 



^ jA. (xy X ♦ y) 




(x»,y») « yUt y~, ahlch iapllaa 



« 0 and thua 



(7.27) u^(x,y) 

for (x,y) £ 8* 




■ ttg{x,y) 



To extend thia unique neaa proof to 
the donain E^* we subdivide aa 
ahown in tl:»i dlagras. Wa know that 
the solution u la unique on Re and 
hence detorgslz^s u(/^«y) for 

0 ^ y ^ /’• 



Out u(x«0) ■ 0 by hypothaala* oooaequently* by Theorea Chapter 
II, «e have a unique solution u^ to the charaetari at lo initial 
value frobXea on autwra^on 1. Since u^(/*,0) • *• 

have froa the differential aquation that u^^(/ %y) • 
for 0 ^ y , I«e. u and u^ have a flrat order contact acrosa 
the lino X * and hence together represent a unique eolation 
for the region R* ♦ 1. Analo^ualy, by the preceding "in the 



M 






•. * /r****** • itji^ ifr «■• - 

•*•• •• •< A til A • "I • . U / Mn 
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*■ f * 
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Mall" UDlqacnata proof for tho boundary valu« probl«n« Ui« 

•olutlon u la unlqua In aub-reglon 2 and baa a firat ordar contact 
with tt^ acroaa tha lino j • f'* Ke continua obtaining unique aolu- 
tiona for charactartatlc Initial aalua and adxad initial aalua 
problaca^ adtarnailvely aa indicated by tha nuaarical aaquenoe in 
tho dla^raa* Tbaaa aolutlona have firat ordar contaota vlth aaoh 
other acroaa tha charac lariat lea forslng tha boundaries of tho aub« 
ragionSf hance »e bava aatendad our uniquenasa proof froa tha 
region R* to tha region R • 

Having thus datenclned tho axiatenca of a unlqua solution 

aatiafying conclusion 4) throughout «a noa oonsldar tha Cauchy 

problem for raglon vitii tha aaiea aquation and hypotheaaa thereon 

and with tha initial conditions 

\ tt®(x, 2 s) « 0, u?(x»x) « u ^(x,x), and 
(7,8S).^ * 

[ ttj(x,x) « Uy^(x,x) for X e £0,/J« 

la (7«2S) u and u are the right-hand x and lower y da- 
ze y- 

rivatlvast raspectively* datericined at each point of tha line 

y * X by tha known solution u on H • By Thao ran 4« Chapter III* 

s 

there exist a a unique solution to this Cauchy px*oblan for each 
(*»y) ^ K^, hance 

(x»y)^ 

C tt(**y) for (*#y) ^ Rg 

la tha unique solution valid for aach (x*y)e R » U. e R , sines 

1 

Uq and u hsic* by prescript ion* a first ordar contact aoroas tha 
line y « X. Thla conplates the proof of Thaoran 10. 




<n; mi 






iWi 4U 
ti^‘ •«vu 

I* •'Hi’i-' ^1 *•< 

d — * <»«*«! y 

•/ • att«r| iMbWI ««aii 
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K«l«j;lng only t^potheslt S) of TlMrorsn 10, «• obtain tba 
folloaiuc laiprovesftnt I 

Theoraat 10a 

X) 

2)* f la partially Llpachltsian on fi (aa daflnad in Theor«« 

Xa.) 

5 ) 

- ^> . 4)* Tbore axlats at laaat ona function, etc. (aa in Tbeoraa 

xo.} 



Outline of fclia proof s 

Aa in the proof of Thaoreas 10, we aay, without Xoaa, prove 
exiatenca on only. For, p»aeriblr4g Cauchy conditions on y ■ x 
as before, we nay extend the solution fron H_ to H , by use of 
Theorea 4a, Chapter XIX. 

In this proof wa follow vary closely the derivation of Theorea 
Xa, Chaptar Ilj hence only the dlfferencaa between the two proofs 
wiXl be noted. 



9rlilhnSTnXS£ * tbooraa teXXs ua tliat there exlata a aequence of 

poXynoaiiala, ^ * conversing unlforaly to f on B. We extend 

the . ( -X 1,8, •••), and f froa B to 
f 0 ^ X ^ / 

• 00 ^ pci 00 by deflaltlona anaIoi.oae to (2.X). Thera 



-oo^ q 



00 



.exists 

/ a constant L > 0 aich that 



j g ^ L la b* 



and for aXX \ 
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over, the ar« "fully" Lipschltzian In B' • Eence by Theorem 
10, («ith a-^oo, b->-oo), for each there exists a uniqus 



function u ^ such that for (x, y) ^ 
(7*29) u^ * 
and thus 






(7,S0) 


“X.* *1 


“>< “X.x*“A,y 




1 


^ X 


(7.31) 


^A.y 


"X' "A.x« “A.: 






'Io®X ‘^*'2.' “X.x''*A.y>®'Z 



For (x,y) e R , by (7.29i^ (7.50) and (7.31), 

ib 

U \ (xpy) \ < L jt^ 

1 ,y(*»yM-^ y 

^L/ 

i.e. the sequences l.'*X#y^ 



(7.32) 



( X* 1,2, •• •) 



are uniformly 

(_ ''\ (. ^ /\ 9 9l J 

bounded on H • 

2 

Given t no points, (^^* j'j^) €. ^^ 2 * y2> 6! Rg, we may assume, 

without loss, that x^ ^ x^. Then, If y^ ^ y^, let us assume that 

y ^ X . Then by Integrating over tlie regions a, b and c In 
^ X 

diagram (A) we obtain 



(A) 




O 



K( 



« 1 . • 



• 0 






• . * 









’ A ' 



. • 






i f 

^ 4 I .1 



A 



A 



• V ‘ • 



• • .ft 

A ^ ' J /• 



- . A 
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• • A “ 
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1 • /^ i 



1 ' • / 
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If jg ^ X w« may alwaya choose 
a point 1th V *a 

end J ^ 7- <^x (aa In dla£rani(l|, 
13 1 

Then, a a above. 



) u\ (*3*73)-^ ^ (Xi,yi) I ^ • 



Adding, we obtain (7.55) • Purtner if y^^ ^ j^t we have the case 

ahom in dia£,ras (C)* Here by 
Integrating over tiio regions 
d, e and f we again obtain 
(7«33)» liocce the sequence 
^ u la equlcontinuoua on Hg. 




<7.50 • 

Likewise, for (x ,y) ^ R , (x. ,y) £ R , by (7.31) 

2 4 ^ X 4^ 

<7.35) lux.y<*i«y> - ^ ^'1*2 " *ll * 



Moreover, by precisely the asase argument aa that used to prove 
LeisjBa 2 of Chapter II, given J\>0, ^>0, thaje exiat S ^ 0, 

* > 0, depending only on and ^ , respectively, such that for 
(Xg#/) ^ Rg» (x^#y) s Rg* 

X > N and I Xg - £ 
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(7.S6) \uv <x ,j) - Uv 

^ l“x.x<v'? * - “X.,<V * 3 ^- 

TIiub by (•7I54}« (7*56) und LeacRft Chapter II« the aeqaanea 
la a qui continuous on R^* 

We need the folloving reflneaant of the argunant In order to 
show tliat the aeqaence X 7^ equl continuous on K^: 

Let ua auppoae (x,y„) ^ R.., (x,y_)e R„* Without loaa« 

«• aay aaauae that x ^ ^ y^^. Than 



'2 
(7.57) 



yg 









*Jo V '“A *“ x.x.“ A .y'-»> <M'V“A.x'“A.y>’'’ 



'2 



«A “A,*'“A.y>®'Z 



We have just proved tlmt the aequenoea X.x^ 

arc e qui continuous on R^. The sequence certainly ecfjil- 

continuous on B* • lience« considering (7.55)» given yM>0. there 
exists ^>0, depending upon alone, such that ) y.p»7j^ ) ^ ^ 

(7.S8)lJ^0^t6A<ya.';< V “A.x*“A,y>-8A‘»l*^ “A»“A,x'“A.y>’'‘'lr/ 



(7.59)U !6x(S»y2<“x'f'^2>*“A,x(^y2)» 

Jjg 



-• V •»‘^*.** * » 



•/ 



•li 90imm u M i*4«n 

•* •— — * -* — — 



••**«r4*'**,A*v */• 

^>r.t A?' 



fi^'l 

•M o < fcn>4 «i J 



V»»fV /• 



*«X»I ,»co' 

< V<>Vc* r(.%*t*t,,<>«IVt*lT,«v*'»^<<) 

tit n' <'***^ yU» »^^lV>l*P»r^ii«iUtH»>il/>>* 



103 



for X * 1,2, •••• 

Alto, alnct 1 6 f on B*, given 5^0# there exiete 11 > 0, 

depending upon 5" alone, each that X> * 



{7,40)\\ Cg^ « | ^ 



'3^2 



lyg 






By hypothesis 2}', 
'X 



(7,41)^\_ im 

J -TTT- - ni— rT*T-. - - 

tj^iu ,j-^) ya 



* WA.yfJ'yg) - • 

moreover, since jg^^^L* (X*l*2,***), 



(7.4^) l\% (|-,yj^ja^;u;^^,,u^y)dg\^ L Ua-Jil 



■X 



^1 

Thus by equations (7.37) thro'ogh (7.41), given 0 , ^ > 0, 

there exists S>0, M >0, depending only upon ^ and ^ , 

spectively, such that { jg -y^ S and X>M 



ra- 



M 






• 













— 



* . . jj bF^S£. jr “ * 

«•!• m^mmmm m 

i ’^iCi£*ju(4 ‘ "V' '*'• 

»4'^«»>A.) ^ m»rn 
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(7.45) 



u 



X,7 



- u 



A,y 









+ 4 yx. * 2'S • 



hy ]>isTt& 1« Chapter II^ lnequaliti«8 (7.35) aund (7.45) ivply 
th*t tb« aequenc* is equleoatlmous on R^. 

Pron tbls point on tlte proof is practically Identical with 
that for The car e« la. Since the sequences X ^ 

are uniformly bounded cmd equicontinuous on K^, «e nay 
apply AHZSLA's theoree to obtain a subsequence of each> unifonsly 
convergent on HoncSf as for Theorea la. by successive extrac- 

tiona of subsequences we obtain a subsequence ^'^X^ 

converging unlforTEly on R to s solution u of the integral 

iC 

equation 



u(x,y) * 



and such that for (x.y) e. 

(x.yi u(x,y); u^(x,y). u {x, y)) e B. The proof for Theorea 10a 

^ y 

is now conplfi te. 

Following £• PICAHO [7] p. 13b and p. 139. we show that the 
general stateaent of the mixed boundary conditions, (l.e. where u 
is prescrlbsd along two intersecting curves, one characteristic 
and the other nowhere characteristic), can be reduced to the 
stateaent found in Theoroas 10 and 10a. (i.e. where u(x.O) *= 
u(x,x) * 0 for X ^lO./J). 

!*irst. let us suppose ti-Mt we prescribe 
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r u(x,o) - ^ (X) 

(7.i4) \ ,, 

\ u{x,x) * (x) 

forx^[0,/U and ^ (x) ec»[0,/3) and (^(0) * ij^(O)* 

Conalder 

(7.46) »(x,y) * (x) + ^ (y) - C(?(y). 



We have w *« 0 on R idiile 

xy 

r w(x,o) * ^ (x) 

(7.46) i . 

(. »(x,x) » Y (x) 

for X G. [0,/]» Hence^ Inatead of the prohle* with non-h05iO£,eneoua 
boundary condltlona (7.44}« by aettlng 

(7.47) V « u - » 
we may consider the probles 



(7.43) 



xy 

V (x,0) ■ 0 



f(x,yi V + wi v^ + w^, v^ + Wy) 



v(x,x) « 0, 



a pro blew of the type covered by The ore «a 10 and 10a. 



Second, suppose wa prescribe u along ths eharactarletlc 
y * 0 end the nowhere characteristic curve y « F(x), stticre 
I’(x) e C»(C0,/^)), P»(x) 0 for xe[0,/^) and F(0) • 0, 

The coordinate tranaforaation 

X « ?(x) 

y « y 



(7.49) 



reduces the curve y « K(x) to the dla,.oiial y * x since trxe In- 
verse exists and is of class C* on [0, P{/j^)J. Moreover, 
(7.50) u^ * P»(x) 



>M^V| 



•j» y • tO^t* 3) 
fc<»iy »m l/V^^U • i^\f itm$ |a^f M« 

«rOl» • ifl^ • lUV ift4«T> 

••,1 (b * <m «•••{, 

|.| .^>. f ‘ 

—» — •»!» aii»^ •- .,«M« ^ 

• • • • » i4n*ii 

y T +^* •• » • fT^fi 1 ^ ^ 

*•' Hitl • f 
•» • I**#)*'! 

A 




v«»(*n *u T,Vn«*»' •♦ e y U»»# •M'l 
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Since P*(x) ¥ 0 , th® fori® of tne dlfferentlel equation rc- 
malna utichanged and we reduce tto ^oblea to one with initial con- 
ditlona in the fora (7«4i}« 

Thua the general atatenent of the xixed boundary value problea 

for 

(7.S) u * f(x,y; uj u ,u ) 

can be reduced to the fora treated in Theoreaa 10 and 10a, f?e 
note that whatever continuity and Lipachits conditions ara aatia- 
fled by (7*3) before tranaformtlon (7*49) and substitution (7,47) 
ara satisfied as well after these operations are performed* 






I 
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CHAPTn? VIII 

msTciic?: based os ms 

CONCEPT 0? -JPP^H AJ€) LC«SB BOOKDIir yOLC“IO,'3 

:or th# orOlaary <?lf f«r«ntS*l equation y' = f(x,y) with 
T(^J = 7.. PSrnOK Tisl » a#su»ln^ f mertty contt»a(yj*> gives 

0 0 L_ -• 

en e*litenc« proof ^h&t 1* ontli*«ly Independent oT the cleeslcel 
proof# and contains thesi as apodal cases* He bases his proof 
on the concept of unc)«r ft»*.d over functions, defining if (x) to 
be an under function if (f (Xq) s 7q and 

(3.1) I>± If (x) d f(x, If (x)) 

and defining Ip (x) to be an ever function if (|/ (x^) • and 
(3.8) Ei ^PC*) > f(*,lj((x)). 

The solutions are four.d to lie between the upper Halt function g 
of the set of uixlerfauctionc and the lower Halt function G of the 
set of over functions, g atx5 G theinselves belrig solutions. 

V, LLI!R [[43 shows that r*Ri;0K»s proof tulll not carry over 
directly to apply to a cyatea. 

(2*2) y. s f. (x»7w’**»y ) , (1 r !,•••, n). 

1 i n 

liowever, ho ^s able vO oxtend the classical theoresi, ootalnl ng 
a statenent which Ic slallar to that of P^KKOl and which reduces 
to the direct analofue of 'iS»e thcorca in the particular case 
where t-he furetlone f. are 'lonotonlcally incroasl*^ in the argu- 
aents . 
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In thl» cl apttr w« retiarn tc tbe character! atlc initial value 
problara for 

(3.4) X f(a,yj u; u , u ). 

Q 

•ea obtain reaulta aii^llar to thoae of ItJtrj'K above. In the fol- 
lowli'.g Theoroasa 11 anrJ 11a we Icprove the atateaontc of Thoorersa 
X and la. Chapter ’I, by the introduction of up;er and lower 
■bound! tJ2 i^inctiona jQ. and co • 



Thoorea IX (11a) 

1 ) u; p,q}€C(T), 



T:H 



0 ^ 
o 



^(x,yj ^ u 



oJjjfx.y) ^ p ^ 
A>y(**y) ^ ^ 



-^(x,y) 



2) ( 2) f ) f io r,lpechitslan ( partially -id paGhlttlan ) on T 
defined in Theoro’ns 1 and la). 



3) The functions 6J(y,y) and J2(x,y) e cMP),P 

with a) (x,y) and jQ. ,-.{ 3r,y) e '"(K). Moreover, 

xy 

CO (jt,0) s _Q(r,0) « 0 for 
OJ{0,y) • Jl(0,v) « 0 for 7 eL0,/J, 



"0 ^ X ^ 

_0 ^ y-^ 



(as 

/ 

/ 



and, for each (x,y) e. P, 



(S.*;) o) (s,y) < sain [^r(x,7; u; ?,q)31 * 

^ . {x,y) 

(>2.6) =«x Z-(x,7t ti; p,q)l 

^ S(r, 7 ) 



whore 











lAfll JTja^ram^ 

•ifi* kiMt I* #a*»n (I 
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(9.7) 






co(x,yI^ j ^ 0.{x,y) 

w p^ny(x,y) 

<aC(y-*y)^ q^i 2 ~(x»y) 

IT ? 



4) ( 4) * ) Th«r« exists ortg arid only oae ( >t lesst one ) furxtlon 
u(x,y) e. CMH), u s C{R) such that for s&ch (x,y) e. R ths point 
(x,yj ^5(x,y); u^{x,y) Uy(x,y)) e 7, and 

u^(Xpy) « f(x,y; u(x,y); n^(x,y), Uy(x,y)), 
u(x,0) s u(0,y) « 0 for each (x,y) e B. 



Proof 



to 



vte extend the 
' 0 ^ X ^ 

E* 

0 ^ y ^ 



doesain of definition 

/ 

/ by defining f{x 



of 



V * 



the r=jiiCtlon f over 
P»«l) 



T 



- oo < u<:<» 
p <■ eo 
«-co< q < CO 

a f(*# 7 J ?#q)» yhere 



u =u If COir,y)<M ^ -Q.(x,r), p»? if ^ » 

(P.e) “ s C 0 (x,y) it u <: ^(x,y) ps(^^(x,y) it p<^_(s,y) 

n sJZ(r,y} if J2{x,y)<: u p*-Qjj(x,y) If p 

and q S q tf ^ ^^J2ix,y) 

7 j 

q = CO^iXfV) it q <c 0 )y(x,y) 
q «-Qy(x,y) lf-Qy(x,y) < q. 

"7 definition (8.Q), f Is \*nirortsly contlnuo'-jo and ur.iforoly 
bounded In ?♦. *'creov«r, !^y hypothesis ?)(2)’) and (*^.8) f satis- 
fies a Ilpschlts {partial ^l»'schlt 2 ) condition In n». 
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'•'encft, ^7 Tbe^r?a 1 (1») Chapter II, th«r» exists ore sn<5 only 

(at least ori#) function satlsfylnr conclusion 4)(4}') sxeept 

that for (x,y) e n ««• are ess* rs<l only that the point (x,y5u(x,y) 

^ ('^»7)»w (3c,y)) e E»* To cosplste the proof as aast show that 
X y 

this point actually lies in 7 ; !•©• we »saat show that for each 



(r, 7 ) 






• f 



a»(x,y) 



«(x,y) ^ .n (x,y) 



co^{r,y) <, \i^(x,y)< J2y^(:s,7) 
aPy(r.,y) < * 



To accoctpllsh this, we first prove tbs following leassat 



3 1) (r.,y) <n_(x,y) 

————— 

cOiXfj) ^ n(x,y) 

oJyCx,?) ^ Uy(x,y) 

11) J2j{yC*»7) ^^3ty(''^»T) 

-Q. (x, 7 ) > u(x,y) 

-a 3 r( 3 t, 7 ) > U;f(X, 7 ) 
_C 2 y(*»T) Wy(j^.y) 

Proof ; For 1 ) , 



for all (x,y) e: p. 

O 



for all (x,y) e B 



C7 

dx \ u I 
i j 0 

» r^^XT<5y ^ r^«„«5y = u (x,y) 
JO'* j 0 * 



dy s u(x,y) 



y(s:,y) 






0 ^ JO 






u^( 3 t,y). 

y 



The proof for 11) Is analogous* 



•u 



•M 



t ^ 






» .H , f»?.«J SJ«,4t* 

*" «r *J 



•" 3 |f,«l 

#U,iil». y 









A 



r 



f • 

• JU»^ 



4%^ 4T 

Ip 4 



IV^A c ^tv#| C^’ * ' ^ 






„ . «r;*i 

•«*N“,£“;t*'~'«- 




'J?*’’ 



c< 



1 



ni 



To prov« (3«t) It orly r^sAlua to 7erlfy that hypothaala 1) an<2 

11) of las^a 3 ar« aatlaflocl hy u* By hypotheala 3) and doflnl- 

felon (3*Q), for each (y,yJ e P, 

00 (r,7)^ 3ln [^f(x,y; ij p,q)l 

C(y,7) 

^ f(x,y; u(x,j); u (x,y), ti (x,y)) 

an<S 

-O. > aeax ??c,0 

P(x,y) 

f(x»y; ii(x,y)j u (x,y), u (x,y)) 

X y 

S •ayy(x,y). 

This, by r^-^jsa 3, r«(;ulr9r:0nt (3*9) is aatlsfle-i Xor etch (x,y)e K 
Gild tha proof of ‘Theors'^s 11 tirsd 11a Is cosplatt* 

It 1* upor lnsp»ctlcn of Thaorsac 11 arsd 11a that if, 

l;.st«ad of ho30f«aao'^e Initial oocdltlona, «a pr«acrlb« 
u(x,0) * U{x) Tlth D(x) e G*( LO,jfJ), 

«(0»y) « V(y) 'aith V(y) e C»( LO*/J)* 

whcra U{0) • */{0), that: w« -cat req’Jlro 
O) {x,0) r -Q.(y,0) « U(x), 

^ (0#y) s -^(9,y) - V(y). 

Tna proof than goaa throurh as before . 

following exiuspla la an lliustratlor. of Thacres 11: 

**xxTrple 4 



or the proble« 
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(8.10) 

say 

(S.ll) 



u X (2 ' - u ) 

Xf * 

r'»a;211y verlTy that 



M (x,y) X • 

»+l 



, n(x,0) 



^l/a(»-^l) 



■ u(Qfy) ■ Of 



xy 



and 



(3.12) XUx,y) B j;V»(«+l) 



satisfy the hypothoaoa of iheoren 11 for all x 0 and 

C < Y C» X -S— 
s «+l 



In CJ'i ipter II «« obtained the exact solution 



i/=-r» fc 



(2.4E) (Cj, - 7)J ■ ^ 



•sncre 



(2.43) 






-+1 olA+l 
n 



1« a branch point of the solution, ^e observe that aa e In- 
cr sses iriOeflnltely ar<3 _0_ approach u fro« below arjd above^ 



respectively, while C approaches C froe below. 

?! IR 



«e ace fross this exartolc that It is possible to obtain approxl- 
^jste solutions, 'ith known ll: 2 lts of error, and to locate sin^u- 
laritioa In the actual solution by use of Theoreta 11, provided 
that suitable finotlons U) end -O. can be obtained. Fo^* problens 
whe:'« explicit solutions cannot be obtained in "closed foras", the 
proeed>’re Is to alter the I’l^ht-hand aide of the equation 

Uyy s f(x,y; u; u^) 

ao that an explicit solution of th© altered equation can be ob- 
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mi m 

***^*« • *^»|M ft tftafrt » \alh£l 
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th« bo-u-darr conditions* "^la ai«7 lead to fuse- 

tlona oo and XI aatlafTinc hjr-othesoa of Theoro* 11* (See 

9« 5'. *lTi31K2f jjlsQ and [Xc^*} The «otlvation for equations (3*11) 

end (S*!*^) of ’“xaseple 4 la now evident* 

'hen we consider the poaelbllity of applying, ea explained 

belo'», the aethod nslnr vnvJor and over f\jnetiona to the 

charac'^erlstic ini lei value prohle»; tinder consideration, we find 

the altuation each the sane as that in th* ease of a cyate* of 

first order ordinary differential equations* life arrive at the 

unsatisfactory state of affairs wherein there le no assurance that 

the under fanctlona renaln below the over funetions thi-oughoat 

the entire re-^lon on which a solution is known to exist* In fact, 

we shall presently give an exaaplo whore on under function oxceoda 

an over r'vnctloa within the do*^aln of cxictencc of a solution* 

recalling ineq’jialltles (8*1) and {S*g), we nay express the 

application of the PTTJiOV sethod as follows: '^e require both the 

uc'^ier and over furiCtlona to satisfy the given character I atlo 

initial conditions ar^I to be continuously differentiable and to 

roasess a aixed second derivative at each point of the dosysln 
To ^ X ^ / 

P. : 4 * le further stipulate that each under function, , 

I 0 ^ 7 ^ / 
shall satisfy 




and that each over fu iction, U/ , shall satisfy 




for each (x,y) e H* 



9U 

i:iuf 



W^ i^ tM iaO ^ 

*^‘- •? i*“ 5«l*»* » in^MM 




*/ *m1m4amr>maj4 ^ ^ |b> kw 

*»f*»^** 

is 4MK 

t- 

VVW^M. Jfeib 1% 00mw lAilUt 

• ^ tmt 

|f|%» ^1T flt»*>,^4Vfc*>’) l*.«l%-5 .»tA_ m 4k)iM 
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jiXt&lo£(yMi ari;r- 2 cnte to those used by F!7?^0V for the oi*di tmry 
differential equiitlon y< x T(y,y) lead to the lneq>iall ties 
4’,(0.y) < l^^(o.y) for 0 < y ^ / , 

(x,0) (r.O) for 0< I 6 / , 

* ^ 

for any under function"- and any over f^inctlon Ip • TtMee 
J netJ’.’alltloa, together with the requlreaaent that tf and ^ aatlefj 
the characteristic Initial data on the positive x and y axest 
insure that ^ ^ ^ In a S’-'f *'icientiy ssall ’*L** shaped strip In 
first quadrant adjacent to the initial characteristics. 

TJnf ortun* tily, this Is iradety;et« as the following exanple deaon- 
etrates. 



Fxauple 5 

Consider ^-he problsri 



(C.lf) u s 0 , u(x,0) X u(0,y) • 0. 

xy 

7h* 8 problcTi han the unique solution u « 0 throiighout the finite 



plane. 

(S.16) 



iftt 




Ax - 9y*’ +- 



— i, ^ 



/H 



where A, S, C and D are positive constants. By Integration In 
{'^•1€) v9 nay obtain functions ^ and satisfying the Initial 
conditions of {8.15). Otvlo- sir, ({7 Is an under function for all 
(x,y). l^orcover, (1/ ^>0 all (r.,y) lying In the portion of 

th<» first c'jadrunt below the parabolic arc 



y =+y ^ ^ * 



115 



an»J h*»nc# ^ th# r«qjlr«®«nt:a for «.ri ovtr function on & 

f 0 ^ X ^ / 

Jo=**aln Si.: < c-r irh«r« / l« arbitrarily large o-jt finite. 

’'‘•rinlrjs ha ~ (^ aa have 

h (x,y) a Ax - Dy^ + C -t- D. 

xy 

h(r, 0 ) • h(C,y) a 0 , vo obtain by Integration 
hCx.y) * it x^y *♦ ~ 4 - <C + D) xy • 



2 



fe nots that h >0 In that portion ©f the firat quadrant belo» 
th ‘ hyperbola branch 

7 . ^-v 51S21 

* Ex 

xhlls h 0 above thl* branch. tTcm the diagrae It 1# evident 

that if we require 




A ^ Jc' 



S .a 

then there exlets a positive con- 
stant / such that within the cor- 
responding do^in •• have a 



diiwctly applicable to this class of probloiss. 

*t*'rnirvT to I’l'ooreao ’1 arxl 11 a, we observe that if, for fixed 
(x,y^, flea ^sonotonl ca" y <ncroaslr^ furjitloo for the arf^inents 
u, p and q, then 

f(x,yj co(xpj); OJy^fx,r), CO^{^,j)) 



and 



z win ( 2 f(x,yj u; p,q )31 » 

^ix,r) 



f(x.y; -^(x,y);j:iy(x,y),jQ (x.y))« siax If (x,yio;?,q)3 . 

^ ?{x,y) 




0 




*|»4C^S4* V* I • l\|,*lil 

^ r 




Mc^itW »f.i 

• c ' *»* ^ ••i^ 7 * 




J#« t »ir.-t^^^ij •|ft*#I^JX ' r|,«r 



In thl« c««» we cay alter hy?eth**l* 3) to req-ilJ^e rarely that 

co^ir,j) ^ ^,(x,y), 60 (x,y)) 

^ y 

^ f(x,y; -Q.(x,y); _Q^(x,y), _Qy{*,y)) 

for each \*»y) e. H« This the direct arAlorne to 'K^a 
theorwB (ae# ^3^ ) and correaponda to the pre vlo*itly mentioned 

ft 

rerjlt of srjLLliH <* r a ayatejn ( 3 * 3 } • 

’*'0 eloae thle chapter with the ro'sark that Thooreas 11 and lla 
can be ojttended Ir-^adlS’ «lv In iso wayr.. First, the r»c hod la 
directly applloahle to the Ca*ichy problem, ^a reqoira the fhne- 
tlona CO and XL to eatiafy the Cauchy Initial data and ohaerre 
that the proof of hessasm 3 la essentially unchanged. Second, the 
iftethod extends to apply to a syatete 

'^i,xy • *i(**yJ «j,x* 

for both characteristic and Cauchy Initial value prescriptions. 
The ’sodlfications In the hypotheses and proof for Theoreaa 11 and 
llo are ohviojs. 
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The folloTirlnf special notation# will be used throughout 
this paper with the meaning# as defined below. Other special 
notations used will be defined at the place *here they are 
1 Introduced. 



r : 
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0 X ^ 

0 ^ y ^ 



/ 

/ 



f € C(B) 



g e C»(H) 



u 

X 



u 



X ,x 



X 








(x,y; u; 



r»q) 




— >• f on B 



1b a nomber ofj i.e. belong# to. 

H 1# the set of all ordered pairs ( 5 c,y), 
(points) for ^hich 0 x ^ / and 
0 ^ y ^ . 

f Is a mesibor oi the class of functions con- 
tlnuou# on the set B. 

g is a member of the class of functions con- 
tinuously differentiable on the set li, 
(and similarly for higher degrees of 
differentiability. ) 

9 u 
a X * 

a y * 

^ where 2r lo a parameter along a path. 

X belongs to the closed interval, 

imnlles. 

l»"pllea and is implied by; i.e. if and 
only if. 



a sequence of functions g^ »(A» !,?,•••), 
of amment# (x,y; u; p,q). 
the sequence converge# polntwl#e on 

the aet B to the function f. 
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CHAPTER I 
lyrnoDOCTiON 

Th« purpose of this paper is to present a nuober of exist- 
ence theoreiBS pertaining to a class of non-linear second order 
partial differential equations in t«o independent variables of 
the general fora 

(1.1) P(x*y; u; p,q; r,s,t) * 0, 
where 

(1.2) P*u, q«u, r» vi. s * u ^ and t « , 

X y xy yy 

in the usual notation. We restrict ovir attention to those pre- 
scriptions of initial conditions for which integral surfaces 
exist such that the equation is of hyperbolic type thez*eon« l.e. 
the inequality 

(1.5) - 4 P^ F. > 0 

s r t 

oust be satisfied on the integral surface in a neighborhood of 
the initial data. 

E. PICARD [1],[7]^, £. COURSAT [Q], E.E.Levl[9], n.LEWTfUOl, 
HADAKAKDU1]« M. ClR;^aiNI-CIbRARI0U2]« [13]« and Others have 

^ The number in the bracket [ ] refers to the reference in the 
bibliography. 
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d«T«lop«d exlatsnc* thaore.iM baaad on tba mathod of auecaaalT# 
appr 0 x 1 mat Iona. Their concern haa been to eatabllab aufflclent 
condltlona for the exiatence of a unique aolutlon. Retaining 
their restrict iona on the initial data, we ahall obtain sufficient 
condltionafor the existence of at least one aolutlon. The inte- 
grals of the equations we consider will not, in general, be unique. 

The concept of characteristic curves in an integral surface 
plays an important role in all work in thla field. We give two 
definitions of a characteristic curve, the first applicable when 
the curve is expressed in non-parametrlc form, the second when 
expressed in parametric form: 



Definition 1 

-r f a X ^ b _ r X « h(y) 

T wnere g^C*([a,bl), or ^ : -s 

I y • g{x) [ c 6 y ^d 

where heC*(Cc,d]), is a characteristic base curve (character- 
istic projection or, by usage, characteristic) for a particular 
integral surface J: usu(x, y) of P(x,y; u; p,q; r, s,t) « 0 






for each (x, y) 



(1.4) 



P^dy^ - F^dydx 4- P^dx^ 



Definition la 
^ . r x*x{T) 
ly*yCr) 



for ^^(0,1] and whare x,y «£ C»([0, Ij), is a 



characteristic base curve for a particular Integral surface 



J: u * u(x,y) of P(x,y; u; p,q; r,s,t) * 0 <=^=^for each ^e(0,ll 

Cl) ° 

[2) il2 + ^ 0. 



(1.5) 
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Under eltber definition T is rectifieble and poseeaeoa a 
continuously turning tangent (see C« J0tDAN[6]f p. 100) • The 
two definitions are equivalent in the following sense: Ae cay 

convert expx*esse<l in non- parase trie fora into its paraaetric 
expreaalon by setting x y * g(^)# or x * h( 'T ), y * tT as 

the case aay be. That the converse is possible follows directly 
froa condition 2) of Definition la and the laplicit Function 
Theorea. For, suppose at a point (x(Z^), j{z:^)) of that x ft 0, 
Then in a vicinity of x^ * x(ZT) the inverse relation Z' * ^(x) 
exists and we nay write 

(1*6) T ; y * y( T (x) ) * g(x). 

Similarly « where ^ 0« we may write 

(1.7) r ; X « x( r (y)) « h(y). 

By condition 2)« one of the two representations (l.C) or 

(1.7) is always possible in the vicinity of each point of • 

Definition 2 

X » x{Z ) 

n : y * y( ^ ) for Zr<s(0,l) and where x,y,u €. C* ( (0«1])« 

u » u( f ) 

a space curve lying in a particular Integral surface J: u«*u(x,y) 
of F(x,y; u; p«q; r, Sj>t) * 0, is called a characteristic curve in 
the integral surface J *^= 7 ^ the projection of P onto the xy plane 
is a chsiracterist ic projection for the integral surface J. 
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Und«r Kiltable hjpothesea, by virtiM of th« hyparbolio condi- 
tion (1«3)» for any integral surface Jj uani(x,y) of P(x«y|u;p»qj« 
r,a«t) * Of equations (I»4) or (!•&} deteraine two one paraiseter 
fanilies of characteristic curves lying In the integral surface J. 
Exactly one characteristic c\u*Te froa each fasily passes through 
any given point (xQ#7Q«u(x^fy^) ) of the integral surface J; andf 
acrcoverf the corresponding two characteristic base curves do not 
have a cosuson tangent at (x^fy^)* 

Along any curvSf characteristic or otherwiaef lying in the 
integral surface the following strip, or band, conditions 



( 1 . 8 ) 

(l.») 



u 



px ♦ qf 
rx ♦ 
ax ♦ ty 



BMSt be satisfied* 

The Kodifleation of Definition 2 and conditions (1*8),(1»9} 
when the curve P is expressed la non-parai»etric forn is obvious* 



Definition 3 



r x»x ( o ) 

y*y( 'c' ) 
u»u( Z ) 
p»p( z ) 
q*q( Z ) 



for [0,1] and wliere x^yfU^p^q e C*((0,1]}* 



is called a first order strip <%=^ for each zr e (0,1] 



( 1 . 8 ) 



d * pi ♦ qy 



Suppose a particular integral surface J: u»u(x, y) of 
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P(x. 0 ji u; p,q; r,B,t) » 0 has a contact of flrat order with the 

c ) 

y»y(^ ) for (0,1] la a charaetar- 
u*u( r ) 



atrip 3^* Then if ^ : 



latlc curve In the Integral aurface J, the atrip la called a 
characterlatlc flrat order atrip for the Integral aurface J* 



Definition 4 



S : 



( 






x»x( r ) 
y»y( r ) 
u»u( T ) 
P«P( ^ ) 

q*q( ^ ) 
r*r( er ) 
a*a( r ) 
t»t(r ) 



for Zra[0,l] and where x,y,u,p,q,r, a, t 

^C»((0,1]) 



la called a second order atrip for each ^<s(0,l] 



( 1 . 8 ) 

(1.9) 



u * pi + qy 




ri + ay 
ax + tf 



If, Moreover, equation (l.I) and conditions (1.3) and (1.5) 
are aatiafled for each 'ZT £ [0,1], then is called a character- 
istic aecond order atrip. 

Rote In Definition 4 tliat since all the argunenta of the 

functions Involved In condltlona (1.5) are known upon prescription 

of the atrip S^, we way deteralne whether or not the projection 

r x*x( z ) 

of corresponding apace curve \ ‘ \ y*y( T ) for (0,1] is a 

[u*u(tr ) 

characteristic projection without reference to any particular 
Integral surface. 
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Definitions 3 and 4 can be readily aodlflod to deal with tba 
non-pa raMC trie case* See» for exaoiple^ H* CIH'^UIMI-CIBHARIOt 13] • 

In Chapter 2 ee consider the characteristic initial value 
prohleiB for the equation 

(1.10) s * f(x»y; u; p,q) 
and its extension to the systea of equations 

(1.11) s^ • fj^(x.y; 

.(1*1,2, •••,n)* 

Tve Bodify the customary hypothesis that f be Lipschitzian, 
l.e. with respect to variables u, p and q, to require that f be 
partially Lipschitzian, l.e* with respect to variables p and q 
only* We obtain existence of an integral u over the same closed 
domain as that obtained in the elassicsl theory* Our integral, 
however, cannot be shown to be unique* This fact is demonstrated 
by an example* By farther example, we show that the bounds ob- 
tained on the domain of existence are tnaxistal bounds* 

In Cliapter 3 we apply the methOv.s of Chapter 2 to the Cauchy 
problem for equation (1*10) and the extenaion to tha system (1*11)* 
The conclusions are similar to those obtained in Chapter 2* 

The arguments in Chapter 4 serve to establish tha equivalence 
(as defined t.ierein) between the characteristic initial value and 
the Cauchy probleme for the system (1*11) and ths corresponding 
problems for a particular system of first order partial differ- 
ential equations of the form 
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(I.ISJ) r :^A * C (1 * l,8,**Ma<n) 

J k-1 

I ^,y • Cj^ (i * Ei+l,in>2, •••,!») 

«b»rc th« A .»C aro functiona of • The ayaten 

Ik 1 1 3 n 

(1«12) la terned a canonical hyperbolic ayaten* 

Tbla equivalence haa already been eata^^llahed by M* CIKxiUINI- 
CIBHAHIOdS] • Under the reatrlctlon that the flrat partial dorlv- 
atlvea of the functiona be Llpachltzlan with respect to all 

their argunenta, she obtains her tbeoreaa on the existence and 
uniqueness of the system of functions as the solution for the 
canonical hyperbolic ayatea (1*18}* demonstrate that her rea- 
Boning establishing the equivalence does not depend upon the 
uniqueness of the solutions for eitlier system (l.ll) or system 
(1«12)» Consequently^ from our results in Chapters 2 and 3y we 
are aole to remove the above Llpachitz condition entirely and 
obtain existence, hut not uniqueness, for the solutions of the 
canonical hyperbolic system for both characteristic and Cauchy 
initial value prescript Iona. 

Following the attack of H« X>Eirf[10],' in Chapter 5 we reduce 
the equation 

(1.1) F(x#y; u; p,q; r,s,t) * 0 

to a systani of so-called characteristic equations by means of a 
transformation to the coaracterist ic base curves as coordinates* 
This system is shown to contain a canonical hyperbolic system* 
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Wo troat the Cauchy problon« l*e« to find an integral aurface which 
has a second order contact with a prescribed second order strip. 

By virtue of a theoreai by M. CIN4JINI»CI^RARI0« stated in Chapter 
4, Li.WY*S work yields iasiediately the result that for P e C*** 
in a suitable region* there exists a unique solution u g C'* in 
a sufficiently swell neighborhood of the initial curve. We again 
demonstrate that tne equivalence of the problems is not dependent 
upon uniqueness of their respective solutions; and, :ience* by re- 
quiring simply that F £ C’* we obtain existence but not uniqueness. 

In Chapter 6 we treat the characteristic initial value problem 
for equation (1.1). We follow a modification of H. LkW-y'S method 
introduced by M. CIH<«lJlf<l-CIf^ARI0[13] • Here equation (1.1) is 
first transformed into the form 

(1.13) « * f(x,y; u; p,q; r,t). 

A modified system of characteristic equations is obtained. 

This system also contains s canonical hyperbolic system. The the- 
orems of Chapter 2 apply and we obtain results similar to those oIk 
tmined in Chapter S for the Cauchy problem. 

In Chapter 7 ws treat the boundary value problem for 

the oq.atlon 

(1.10) a s f(x,y; u; p,q), 

l.e. the problem where any Into tsI surface of (1.10) Is required to 
pass throjch two space curves Ist-uln^ froa a point, with one of the 
curves belni' a chax’aoterlstlc on this surface and the other 
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c.irve baviag a jrvs having no«h«r« a ctiaracter Istic projactlon. We 
ehow that for oq^iatlon (l«IO) theie la no loss in generality if «e 
ass -ne the initial oata to be 
(1*14) n(y,0) m u(x,x) x 0, 

for r eontlnuoua, boun:le<1 and Llpechlttlan, me prove that there 
exists one anc. orlv one interral surface of (1,10) satisfying 
(1,14) on a doaain for rhlch wo prescribe explicit boranda. ?or f 
continuous, bounded and partially Llpscrltalan, we find, by arga- 
taents analoKOie to those used in Chapters 2 and 3, that there ex* 
lata at leaat one integral surface of (1.10) satiefying (1,14) on 
a domain for which we again preeoribe the ease type of explicit 
bounds. 

In chapter 8 we consider the characteristic initial value prob- 
lem for equation (1,10) froia a now point of view. Here, in order 
to extend the theorems of Chapter fi, we Introduce the concept of 
upper and lower bounding functions for the solution (or solutions) 
of the problem. This idea was first used by 0. PridiOKi £1^^ to ob- 
tsln an existence proof for the problem 



(1«1S) y* = f(x,y) , 7i\^) - 7q* 

Tils proof is quite Independent of the classical proofs, 

^TrrrB shows that cothod has no direct analogue 

for a system 

(I.IC) yj « 7^) * (!• * l,***,n). 

He is able, however, bo extend the classical theorem for a 
syaten (1.16) to obtain a theorem which reduces to the direct ana- 
to the rhHil'aw theor^w 1r the cass whore the f^^ are monotonl- 
cally increasing finctlons of the arf^zments yi»***»yn • 



*t«ir !■<■* 



rVM. — 

IIIMt 1b ••^w M T“% “-ii «w^ 

•«•• V I 'HI «r ••MUbUUafc; ma 

* iMbT) «p til .4 M ••Mt «» 






^ •• • Oli^i 

•• iKI ^ Wllte IM<f •• <»i - -|,t ^ H 

%AA M /ii^ 

^ •§ 7 am ^ f IL 

•» •» *•— <•• — «i4t^ .> 

i <^1 

•<•*' » V •*•^•*4 * !■» *V'#' 
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'The e 7 tem»ior.s to th© ♦hcor^ra of Chapter 2 ohlch we obtali- are 

S? 

sirrllar to ISCT''^I;*8 concli’sl''ris Tor the ayatea (1.16). fcforcover, 
ve demonstrate by exaaiplo that the FCHKON uethod i’lae no direct 
mnalo^e for the characteristic Initial ▼alne problea for eq»iatlon 
(l.KO* ’^e also give an eyaaple Illustrating the theorems ob- 
tained In this chapter. Finally, we note that the Cauchy protlea 
for equation (1.10) and the Cauchy and characteristic initial 
value problens for the system 
(1*11) Sj « *‘^i»***»^n* 

(i » !,•••, n), 

taay also be treated by the -ethods of this chapter. 






^ 

•tf>.«»*Y • 4I) 

V> ^ ••■«M *• mM nM 






F-f 



t- 
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CHAPTER II 



Th« Charge t€ri Stic Initial Value Problwe for u 



»y 



ror cocveclence of roferertca «« first stats the following 
th«ore«, whose proof is based on the aethod of successive ap- 
proxlBiatlona* The proof of existence was given by S* PICARD tlX 
while the proof of uniqueness «y be found in E. HAVRE I 2 I p* 
410. 



Theoren 1 . 




1) f(x,yjujp,q) s C(5),Bs < 



0 ^ X 4 A 
0^7^/: 



^ p ^ b^ 

2 ) f Is Llpschitslan on B 5 l.e. thore exists 
a positive constant K such that for 
(x,y; u^;Pj,qU r, (x,y;uj,;Pg,qp) e B, 

2 ) ^ ^ ^ 2 * ^ '' ■ 

> 4) There exists one and only one func ^lon u(x,y) e C’ (R) , 

s jch that for each 



p s s /i 

’lo ^ y ^ /o 



6 C(Ii) , where f 

(*#y) 6. n the point (x,y; u(y,y); uj(x,y), u„(x,y)) e :, and 
r r{x,7j n(s,y); n^{y.,y), Uy(x,y)), u{x,0))» 0, 
u{0,y) r 0 for each (x,y) e r. 



• m$m M1I0I 

^ ••mmiit* li -wit lw •<»• 



^ *''-*>««.«*•« iijwH 

< '-0 I 

isi ~ in . ...«, „ '' ‘ J 

* •»«» «*I*IH« • ■ * " 

«». • .M* I «/4^* l« 



uri*l» ■UOPt ,t» A* Mt.<» ANito ««« t* -«> 

_ >■*>• - A ® • O] . 

•»’ •< • j ^ » «j ' * *'•'••* r*^ 

^ 7<«A(* iTt« iu«i «« « « t».*c* 

-* • •».«| mm m [*, 



12 



neaarks. *) Suppo*« W9 prescribe n(x,0) r U(x), u(0,y) • V(y) 
where ’J(x) e C*( CO,/il ), V(y) s C»( LO,/ 1 ) end ■ (0) w V(0). 
Cone5der the fur.ctlon w(*,y) * U(x) + V(y) - *J(0)* Clearly, 
w (5t»y) r 0 and «(7.,0) s 'Jix) , w(o,y) s V(y) hence the function 
▼ r u - w Bust satisfy v _ r f(x,yj v + wj v + ^ )» 

Xy X X j y 

v(x,0) s vCO^y) a 0, a problea of the type covered by Theorem 1. 



h) 

domain 8 




>o»e f e. C, 

0 ^ X ^ 

0 4 /z 



bounded and Llpachitslan In the 



-00 ^ u < 00 



-00 ^ p ^ 00 



j-oo q c 00 



Then hypothesis 3) is immediately 



satisfied* 

Following an approach used by M* MUtJ.EH P* 632, in 

dealing with a syateja of first order ordinary differential equa- 
tions, we are led to this improvement of the above theorem: 



Theorem la* 1) 

2}* f is partially Llpacbltzlan on B; i.e* thore exista 
a positive constant K such that for (x,y; uj Pj^,qj,} e B, 
i^»7i "i ^2*^2^ ^ 1^^3t,y; u| Pg'^p^l 

<=K[(Pl-Pgl t IVizl] ' 

3) 

4) ' Ihare exists ^ loast one ftinctlon u(x,y) e C'(P.), 

ro ^ X <77 

■u {y,j)^C{r), whei'e Pm such that for each (x,y)gR 

(0^y</^ 



Ul 



.4«i* • ^ f t^^^1M« • «*i* t| C|^f3 iv.isiy 



«*k.rtM, .e«» • (^K* » u)ii • itw>»r «ifM^ ts* 

••* •/••'■ |B,a|« Ma 

• V * V V €»*«■•»•»•_:• ■ r 




<— MIHMt l« t M~mT 



«v (M* -• «• ff Mw — 

^ ««M» ^ aaBaV • MUmI'm 

4f^ ^ 



***** •*** Wt M AalMlAaaM tit»»nm «J ^ iiff' 

^ • t^/S «» »«*M »n *«» Wmi# »o«^ • 

tV/* ** I* «• k !• U«*l 






X«f »*l 



»t 

mm >41 ^ 

•IklHimp*'^* 
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tha point (x,y; u{x,y); n (x,y), u^(x,y)) B, and u (x,y) ■ 

X 7 xy 

f(x,y; u(x,y); u (x,y), u (x,y)), u(x,0) « 0, u(0,y) ■ 0 for 

X 7 

each (x,y) & R. 

Proof* According to WEIEPSTRASS' celebrated theorem t 43 p* 1147, 
on polynoaial aj^roxisuitions to a oontinaoua function, there exiata 
a aequer.ee of polynoniala, g (x,y ;u;p,q) , oonrorglng uniformly 

to f(x,y; u; p,q) on B* T^e dealgnate thla uniform convergence by 
the notation on B* 

Wo extend f and the polynomials , (A» 1,2,***), over 
the domain B to the domain B', defined In the remark b) above, 
by the definition 

f(x,y; uf p,q) « f(x,yj u; p,q) 

Sv{x»y; uj p,q) s 6 (x,y; uj p,q), (A - 1, ??*•••)* 

^ A 

(?•!) ahero 

^•ulf-a^u4A »P*pif -bj^4p4-bj^ , q - q if -bg^q^b^. 



iTralf a^u p-bj^lfb^4p 

u'r-aif u<-a p r"t>^ if 



q r bg if bg < q 
q « -bg if q < -bj 



From thia extended daflnltlon we see that \f in B*« Since 
in D*, there exiate a constant L>0 auch that 
in S* and for all A • 'fbe l\inct‘ona g^ » (X « !»?»•* *) unl- 
fotnsly contlniioua in B’, aoraever they poaaeaa bounded difference 
Quotlenta with reepec t to the arguments u, p and q everywhere in E'« 
Hence In B', for each function g . there exiata a constant ?T v > 0 



'A 



such that 



• ^ <1^** IVll MM M( 

«4 9 • <9k«^» ja* IliM* •tM.*>,9.>%.«4^»U««Mt au^n 

»9«»| •• 




iftl fi » !•«• ift »«■##« 



^Al flltl 0 lUtf ,<« i4t« l» IMf.* 

' .M U4l 

• •-» /!»>■# »■>■ t^«;t 

.^-•9 »«/••* Kr** 

BO •••K* rW (i* •! 

“••••' I ^'*A*r • /di 4 ,♦••••••« •• v^TCM «9 M« !• ■! 
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(2-2) IS;),***?* UpS Pg»<!g)|« *'x^'"r“2l + l Pj^Pgl 

Thus, ty Theorem 1, to «*oh there oorreaponda one end only 
ono function u ^(x,y) e C'(R)# ^^{*#7) 6: C(S) aetlsfylng 






u^(x,0) r 0, u^(0,y) - 0 for each (x,y) ^ R. 

*fe nay express the characteristic Initial value prohle-i for 
each In the form of an equivalent Integral equation 

(E.4) a^(T,r) J >> 

"X,y‘^ ’V’'^V 

By differentiation, 

5 7 

J u ^(x, )| ) ; )| ), ) } dlj 

(r.6) u^^y(,:,y) J.y); .7). «^_y(/,y)) . 

Wo now show that the oequencea 

are each uniformly bounded and equlcontlnuouo on F. Por the ae- 
qiienco follows directly fron the Integral expreaclon 

(2.4), ^or, given X, x^, x^ € [^0,/^^] and y, y^, • 

(^•7) \u^(x,y)| ^ ^ 1^2 ' ^ ^ • 1»P**** ) 



(P.S) lu^(x,,7^) - Llx,-x^l [y^.y^l, L ) x^-x^j 

^ ^1 Ul'^S 1 ' * !»?»••• ) 



wrwitaM uM « 4 <WM^»««na» «« 

Os**- 

^ 1 #^ •mk 0M% m rn im* t»U&u mtm 90 

mMmtm «90injw« mm ^ «■• •£ • MV 

^ • n. ^ 

.0rnu4m^m%^ 

• m * -■ ^ 

-V >Mfjv4**«» f»«,*»:^‘*'»V* »»**J,V**— ^-»' 
^/»^- !** "^ /* *" * ‘**‘^*' 

«(g^* J ^ *J* •» •*• »«J^ •*^*ft 

/ f #• t * • Ai'* *• 

^ -'***'^ ’^HP 

/*ii| \^fl\tr './^»t.^V* ^ »P^ i 

i •••<•.!•;»» , ^••^(|,«1.4v 
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Th« uni-fona bouncl«dno»t of and of follow 

directly froo (2.5) and (2.6), reepeotlvely, for, given (x,y) <s: R, 

(2.9) ^ ^ ^2* (X= 1»2,«**) 

(2.10) L /x» <X= X»2,**M. 

Tfe base the proof of the oqulcontlnulty of tho functiona of the 
soq'jence upon the following two lezvaae, the flret of which 

iB due to T. H. GKOJRfALL • 



Lemm. 1. 


1) 


Z(y) £ C{l0,/2 ) 


(2.11) 


2) 


0 ^ Z(y)^r^(KZ(b ) + A) dl| + B for ye[p»/J 

-J Q L 






where M, A and B are conatanta ^0. 


(2.12) 


3) 


0 ^ Z(y) ^ (A/ + P) for y e lojj • 



Lecgsa 2. Given 0, there exiit ^ , a pccltlve coriStant 

depending upon ja, alone, and N, a poaltive Integer depending upon ^ 

alone, aich that whenever (>, ,y) ^ R, {x^,j) & R, \ x.-x 

A 2 ' 1 2 ‘ 

and ^ 



(2.13) 













where K la the partial I^lpschltc ocnal&nt for f(x,y; uj p,q)* 



Aseune, for the Eoaent, the validity of these two lesnaa. ’"ach 



of the functions u. is certainly uniformly continuous on R| hence, 

A«x 



If we lot Z(y) 






for any particular A>N» 









•?"“*. i*»*l 






«4t " t,\a »:4««l 



I |.Vi4lMMV tt 'wW >4 «« «l 



H j (t*' jj 

» j»» u 1 -♦ »» 4rt^ 



•w f 4 ^ 

'• CWIaf «n r« » im »• t* MI^I 



iVIMHti 4 • ^ ■ "mm 4 









I# + 






««Mi It a 



4t 41 












it 
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h«vc that for I* $ 

2 1 ' 

(&1«) ^ ‘ 

Sapposa (x, 7) e ^ certainly {x_,y. ) e f> 

1* I 22 cl 

and 



(2.15) 










1.0»*** ). 


By 


(2.&) we have that 




(2.16) 


1"A,x'*-'^2’-“A.x<V^1 


>1 ^ ^ iV^i' ’ )• 



Inequalltits (2*14), (P»15) and (8*16) yield l^siedlately the 
cQuleontlnilty on R or the runctiona of the aeq*ience j 

for, £lven B>0, we first chooie ^>0 and ^>0 r^ch that 

(2.17) 

ard 1st ^ and * be the corresponulEsg. cons Santa given hy Le-vaa 2* 
By the ur.tforai contlrspjilty on R of oach of the fuactiona u. , 
there exists a positive constant £ depen(31ns on 6 alone, auch 

,r» 

that 

1*1 * %1< and - Tgl 
(2.10) \'*x.x<VV^A,x'*l'’'l>l‘='^ ’ (X.l.O,— 

Setting 2 allies* Sjj» obtain 



9 



S) 



« * I 









uH <♦»•» 

'mJ^ 



um ««ai«<M» • 



*1 — *ni a ^ ^ e * ^^«v*W4"VS*^-*/' 
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(2.19) 1 ^ ^ A = 1,2,*‘* ,N,N+ !,••• 

Proof of Leiseoai It Lot S(y) z • w(y), without loss^for wo noy 

always ohooaa w(y) r 6*“'"^ • Z(y). w(y) e C( C0*/3 ) ond htnco at- 
tains a maxima thereon. Let w occur at y s y-i > then 

0 ^ ^max^^ ^ ) + A) 4 B 

^ 'n«x Vo^'^ ^ 

= +B 

Thus 0-^w ^Ay, + B^a/+B and hence 
max 1 

0 ^ Z(y) (A/ 4 B) e“^ for y e Uo,/J . 



Proof of Leawa 2i 

,( 3 : ,7) 

X,x 2 A,x 1 



“A.y'V'l'’ 

•io'^«>'V'!’ "A.x<v'Z>' 

“A,y'*S'1>' 

- fUg.ljS ,,(Xg,^), 

"A,y‘VV>3^'Z 

VV'l’* “a.x'V*!*- 



(2.20) 






f # 






il^f» 

ru*»7 •’ i V 
. . « — - _♦ 



X 1 •?" 4%j %4 i 

i 1 !• 

. ^ 



^ 4# - * f 

1 * * 1 

4 ir . #• / 



rt ^ 






W‘ 

; • ^ e 



’ . f J» 









> 



•r J -k • ^ QD • ^ t 



1 1). 



•')S*'/.*’?*.*V^ I ■■ ”"**V'’ * 

«.<'*' • >•^*4^ - 

t*t , ! y.^it 

“tw* 

V'- 

• )- ••..■• • ,(VW V* '' ■ 

,!• >■■ 

**Jv*'^‘ * *Ia3‘*'’-‘ ^ ^ ’ 



• f 
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(2.20) 

( Continued ) 



"x'vV' “x.x'^i'V* 
%.y'VV’ 

■’V 



“a.x‘*X’V’ 

8 1,2,*** )• 



since on given , there eziste a poeitltre 

integer Cependinir upon ^ alone, such that for 



(e.?l) "a<*e'V5 “a.x'V*?’* "A,y‘*2'V> ■ 

f(x,,l^i “a,x'*e’V' “A.y‘*2'V’3 

+ 'a'*!''!’' "A,y'*l-'l” ' , 



By hypothesis 2)», 
■7 



(2.W) “a'V'I’’ “a.x'V*!’' “A.y'V^» - 



•V'/*;.!* *’J»<**4* v-*« * 

»'f*.?W 

a r>^.«»r aiKI 




••»*<•■*,• *i»l»» , C>^ »l»*| «>'^V9P'r4l4«4A 

0<A «l pmir*m |i*«» ^ ^ it 

2> IJ»D»N^S.a'^ .rf.5»',^ ‘'^^4• »p»/*v* 
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( 2 » 2 ? ) 1 
(Continued) 

l“X.x<VV '"X.x'^'V^ '’^ ■ ’ 

since f l3 uniformly contlnuoua on B», the f\inctlons of the 
sequence equlcontlmor e on R, and “ 

^ 1*^^»***)» followa that given jul> 0 

there exists a poeltlve constant ^ , depending upon JA^ alone, such 
that for (Xg - Xj^l <: S , 

(s.as) 

(> r 1, ?,*••). 



Thei’ofore, from (2.21), (2.22) and (2.23), by virtue of (2.20) 
we obtain that for X > H and | x^ - , 

(?,i3) l^x.x'vV 

+ yU + J 

thus verifying Iiemraa 2* 

The proof of the equl continuity of tho functions of the se- 
quence ^ follows precisely the same steps as that for the 



saquanoe 



we now Invoke the well-known theorem of C. ARZELA P* 11^4; 
”civen a set P of functions f defined and continuous 
on the closed bounded set A, then the necessary and sufficient 
conditions that each sequence of functions contained in P possesses 














• ^ • 



• r* • • . • • • 









•« • • f «r . 




. I# 






» 0 



f P^* 
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& »ub*«qu*nc« uniformly convergsnt on A are that V b« uniformly 
botinded and aqulcontlnuous. ” 

Cy Th«or«m 1, thar« axlsta a unlqua triple (u. j u. j u. ) 

X AfX A*y 

corresponding to g for each \ • Mnce any oubeequence of a 
unlforETly oonvergtnt acquer.se Is likewise uniformly conver£<?'nfc} 
and, since any cubsequence of a uniformly bounded and equloontinuous 
eequence la llkewicc uniformly bounded and equioontlnuoua | there 
exists a 6’ibeequence of the sequence such that the 

coxTO spending ccquences 

(2*24) 



« C« * unif ^ C„ * 1 i 

rx.*i 



unif ^ 



where u, v, w e. C(H)* This results from the following successive 
extractions of subsequences* 

is oquicontinuoui and uniformly bounded on R, hence 
there exists a subsequonee of unlforaly convergent 

on R* ^ equl continuous and uniformly bounded on R, hence 

^ Cl*? 

there exists a rubsequence of converg- 
ent on F» Is equlcontlnuous and uniformly bounded on H, 

hence there exists a subsequence ^ u* ,y\ HA unlfox*aly 
convergent on R. &it, by the one-to-one correspondence .’mentioned 
above, ^u* ^ Is a subsequence of while » 

aubsequonco of • Tbus ^ each uni- 

formly convergent on B* 



Tritlr^, with the notation u s u 

0 0,x 



u s 0, 
o,y 





0 
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, . *1 * ^ * » X 

(?.2S) u - 2; (u^ - u , ), u (u ni ) 

X kxl * * 1 X fX icjii ^”l>x 






U* =S.(u* -u* ), ( \ - I,?,”.), 

A.y k.i >'.7 k-i,T 



w« see that th« conditions for di ffsranfcistion undar tha saw»atlon 
sign for Infinite scrits ar« satisfied by (?»P4) and the fact that 
C'(H), (\s Keace 

(£»2C) v(x,y) *u (x,y), w(x,y) * u (x,y) for (x,y) ^ R 

^ y 

‘^e show that the function u so detersilned satisfies the 
integral eqxtation equivalent to the origltml cli&raoterlstlo Initial 
value problea, i*o* 

(P.r?) u{x,y) • ^ ^ ^ 

for (x,y) € R. 

For any X , by (C*4), 

(2.2S) Ju(s.y) ^^f(g .Ij; U(g .V)! “xfg.V’ 

^\u(x,y) - u^(x,y) 1-V^^‘dg^^’’ ( f ( ^ J u( g ,1^) ; u^{^ 

Vi'V> 

+ .V “V?.'?)* "It'S 'V’ 

since ^ j qj. u on n, given ^>0 end 

(x,t) ^ , there exists a positive Integer K^, depending upon ^ 

alone, such that for X 



^l 



^ • ii r* 

m&^-^ *■'"' Al 9w^ ••*■■ 

■ iVftS^M ^1 fipm 




^ f%ar n0f M |^%«f | v •»r»»»i^ *•?••• •«a«/i%| ■■«• 

€ ^tV«^ ^ • tTi^% lf#il^ UMi 



^ tmmmuu 4* • tfll 4«il «U* 

** ^ -s> 40 ^ 




■> 1^ i *,• 1 V i<» »tf* ■**•2 - ••^*< '"*• 

.ih 3\» o?t>»» 

«> IH.^ ^'''^/'<^ 

#k ', . J- 4 f« 






t/-«* 
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(2.29) ju(x,y) - , 

- <(|:.v ,>f). 

Kor.over, since f Is unlfomly contlnuoas in B* while , 

{“'x.xl ' [“x,yi converse uniformly on K to u, u respec- 
tively, there exist# a positive Integer H , depending on e alone, 

lU 

such that for X > Kg, 

(2.31) ^^<5^ ^ p i*( ^ J w( I ^ijj( I I 

-f( I .\} n\( i.l), I ,^). nl^( t.\))\ 

Introducing (S.P9). (2*30) and (2.21) into (2>2S), w« obtain 
that for X > laax (K^, N^) 

(r.sn) lu(i, 7 ) - r S »Y' S “y<5»lf) ) 

<eU+ 2 /j/g) 

But ^ 1# arbitrary, hence (2*27) is verified for each (3^,y)eR 

ffe must verify the one additional fact that for each (x,y)eR, 

(x,yj u(x,y); u (x,y), u (x,y))e B, Instead of Just belonging to B*. 
X y 



*/<? ‘ImJ A 

^ cl f i>iii»#— i| ^ 

,a 4» Mffii •!% fHiiA^ ^m§m • iiA««f #«««i 

MS. I V Hf • •• » 

Yi i II ^ it* • 

ntel I4MV •• •A.«1 4*^* 

6 ' * »J*' 

«lY« <»jr Ufa Al*- 1 fv * • **•••'"{ 

tytjV ItOV* 

tfW.a^t ^n« ». •* ,7Wt4«M »l > 

Am.'.O l.i» 4 

»« •• 4«.L w •«w»4 •« ii'**!* i*ai) 
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Ry differentiation Crcan (f.f7). 



(r.33) 


a (y,y) 

X 


u<x,V|); u^(x,\^), 


.(x.tj)) dlj 


(S.34) 


%(s,y) 


5 ^ .7? ’’•( £ »y) J »y)» 




Hence, frcjr. 


the extended definition of f. 


(2.1), and hypoth- 


eslfi 3) 








(2.35) 


\u(x,y)\ 


^ ?0 'V •'I” VC «y' >!'’*? 






(P.S8) \“j((*»y)\4C^ •■>(x,lj)5 u^{x,lj), 



< ^ b 



(2.57) »yj u(|; ,y)s .y), |.y))l'5i' 



^ % < K . 



time costpletlng the proof of Tl'ieoraai Itt. 

PenarJcs a) and b) to Theorem 1 apply a« well to fheoreo la, 
Ty the follo'ing exar^ple we ahow that the integral surfacea 
for Theore.-n la are not necessarily unique j 



Txa««>le 1 



(2.33) 

!'«ro f(x,y; 



Consider the characteristic Initial x'alue probleas: 

.A 

■ W » u(y,0) « u(0,y) ■ 0. 

xy 

’JJ P»q) • |ul^ !• continuo’is for all u hut falls to 



oatiafy a Llpachits conoltlon on u at u s 0. 7heore». la apuHss 



1?4 



to Insure existence of a solution In a sufficiently snail neighbor- 
hood of the origin. However, at least two solutions, valid for all 
(x,y) In the finite plane, are directly available. First, u * 0 
obvlo”sly satisfies. Second, if we seek a solution u satisfying 
1) u ^ 0, 

11) there exist functions X, Y such that 
u{x,y) = X(x) • Y(y); 

that is, by the aethod of separation of variables, we obtain liame- 

dlat-'ly the solution u(x,y) a y®. 

16 

For purposes of lllxistratlng the various situations that might 
occur, we give the following: 

^xawple g. Consider the characteristic Initial value problea: 

(?.39) ^ xy ” * n(x,0) s u(0,y) { 0. 

i 

Here f(x,y; u; p,q) * continuous for all p but falls to 

satisfy a Llpschlt* conUtlon on p at p • O. Since p(x,0) r Uj^(x,0) 
s 0 neither Theore® 1 nor Theorem la will Insure existence of a 
solution over any doaialn Including a portion of the x axis. Such 
solutions do exist, however. One is u : 0. Under the assumption 

p - > 0 wo obtain another, for now 

X 

P - p* or 

y 

S 2p* = y + e^. 

since p(x,0) « 0, r 0 and 
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2 

P r 'i, » Ll or, integrating, 

4 

u - Q 

hT 2 



Since u(0,y) r 0» Cg s 0; and hence 



u 




is a second solution valid throughout the finite plane. 

In Example 2 consider the function 

0 for X ^ 0 



u^(3c,y) 




for X ^ 0 . 



u is contlnuo’us for all (x,y) and satisfies the initial value 
o 

problem (2.39) «vei*ywhers except along the y axis, where for y / 0, 
u (0,y) does not exist. Roughly speaking, u is a contimous 
integral surface of problem (2.39) having a jump in the normal 
first derivative across a characteristlo. 

For equations meeting the continuity, boundedness and partial 
Llpschltr requirements of Theorem la wo cannot natch Integral sur- 
faces in the above fashion to obtain first derivative Jumps across 
characteristics. This follows from the fact that if wo proscribe 
u(a,y) a V(y) e C»( ZO,/^ ) along the characteristic xaa, 
a e » then 



(2.40) r py(a,y) ^ f(a,y; V(y); p(a,y), V‘(y)) 
[p(a»0) r 0 



represents a first order ordinary differential equation for the 
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unknown function p r u^ under a on* point boundary condition. Th* 

condition* that f b« co tlnuo*3«, bounded and partially Llpachltt- 

lan are sufficient to Insure the existence of a unique doteralna- 

tlon of u_(a,y) for y e. • Jlote that In Example ? th* func- 

tlon f was continuous only and hence the determination of from 

the above ordinary differential equation was not unique, thus 

admitting the possibility of a Jump In u^. The coivlltlong for 

the determination of u olon? a charaoterlstlc y « const, are 

7 

slmllat'. 

7ho above rerrArko serve to permit the extension of the domain 

of existence of the Integral surfacos of Theorewa 1 and la from 
r -/j, ^ X ^ / 

R to R :4 . The argument* for th* existence may 

Ks ^ 

be made applicable to other quadrants than the first by mere co- 
ordinate reflections* Moreover the integrals obtained In the 
»<^parate quadrants taust have first order contacte with each other 
along the coordinate axes by the above reasoning frou or-dlnary 

differential equation theory. Hence we raay obtain existence end 

^ replpcyig r -A ^ X ^ / 
uniqueness over the coaaln R by/ 3 by B » / i 

"^2 ~ ^ ~ ^2 
-a ^ u a 



^ p ^ 

-bg 6 q ^ bg 

in Theorcn 1; and we obtain s'laply existence over R* by replacing 



P by In Theorem la. 

In the classical existence theorem for the ordinary differen- 
tial equation £2. s f(x,y), >lth y(0) = 0, the conditions that f 
dx 
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r 0 ^ X ^ a max 

be co^tlrrjous on C:-{ ~ * with M z/\*\ C, wore shown to 

[ -b ^ y ^ b 

ba rjfflclent to Insure exl stance of at least one Integral curre 
y r y(3c) for ^ ^ L®*'^3 »lth ^ mln(a,^). This bo-and, 

0^4 saln(a,^), was shown by A* ■IirriP'I. I^IS^ to be a maximal bound 
In a certain sense. We apply his method to Theorem la In the 
prnof of the following: 



Theorem 2. 

If, In Theorem la. 



we replace B by 



I 



0^X4/^ 
04 T^/. 



-oD-cu c: w 



-bg4 q4 bg 

and require that f be bounded thereon, then hypothesis 3) in that 
theorem reduces to 



3)» nln(/^, ^), ^ Bln (/,*, ^ ), 

where M s max If] on B". Moreover, the bounds estaMlahcd by 3) » 
are saxiaal bounds In a senes to be explained below. 



Proof. 

The condition K ^ a of hypothesis 3) is l-medlately 

satisfied since a approaches + oo . The conditions W 4 b 2 » 

M ^ may be rewritten as In 3)* and are now the only restric- 
tions on and 



P8 



then the conclusion Is Instedllate* 

*11 2 M 

Por, we say take f( 3 r,yj u; p,Q) r h(x) , (g(y)), which Ainctlon Is 



not 



even defined for 3t > /, s /.’» (y >/^ * /^) 



Suppose / > ®1 • ilien we consider the soQuenoe of problems* 

2 g- 

( 2 . 41 ) m{x, 0 ) - u(o,y) a 0 , (nal, 2 ,***)- 

Scttlng p a u , ( 2 .-<l) bococaos 

Py(^pj) = (£^/“ - p(x, 0 ) r O. 

Integrating this ordinary differential equation for p as a 
function of y, we obtain 

P(x,y) , E^/" - ^ y] =■*»/» . 



&jt, since p a u and u( 0 ,y) a 0 we taay Integrate again 

<?v 



to obtain 

(P.4*^) 

where 

(?.4S) 



i 



...„l . . 1 -[*<0. . ,)] ■•■/■I 



n 



*iL 2^ 



The lino y a 1 » a branch line of the solution n* Under 
tho eunpooition / > 1 , the doalred otctorier.t Is that 1 Is a 

2 r~ 



Rtaxinal uound on / . !.«•, for each ^> 0 , there exists a functl 



on 



f(x,y; u; p,q), voponOing on e and satisfying hypotheses 1 ), 2 ) 
and 2 )' on such that an Integral u(x,y) of the problem corre- 
sponding to f has a slngrtlarlty for some y e. (^1 , ^ 

ST y 



Defining 



f (x,y; u; p,q) 

Q 



(2 



l/a ^ ^jl/ai+l 



for -g 



1/d+1 



P < 



l/o+l 



(* s e« obtain 

bjjjj s r (2^/” 4- £V«+l)l/»+lj and, elnce 

(2^/“+ > g, (as 

li* ^ si-* 

a-^-oo Mgj 

moreover, by (2*43), 



llB 

®->oo 




Eenc®, given <£>-0, there exist* a positive 5.nterer U, depending 
on e alone, snch that in > H 



1^ + ^ > Cq . 



Conseqjently «JL 1* a naxirsal bound on / • 
K 2 



I b, 



To deteralno that the ronJltion /, ^ Eln </-!»-£) *1*0 

^ 1 w 

a max**9al bound we consider the aequeneo of problems. 

(?.44) u r - u u(x,0) « u(0,y), (a • !,?,*••)» 

y 



and follow the eaae llriO of reasoning as before. Thus Theore® 2 
is verified. 

■^)p close paralleller! ’ «t*oon our conclusions and the class- 
ical theorems or first or-^er ordinary differential equations 
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(Seo F. FAMKK ) l«ads one to suipect that an •xletenco thsoren 
night he proved wherein nero continuity of the function f was de- 
nanded. The analogue to the C&uchy polygon Kethod la the attack 
surgeeted hy the parallelleat, and It leads to an existence theorea 
for the charac tori Stic initial value protoleaj 

(2.45) u r f(3^,yj u) , u(x,0) » u(0,y) s 0. 

We do not give the proof hero; first, because the theorem 
is a special case of Theorem la; and, second, because the steps 
In the proof are practically Identical with those of the Cauchy 
polygon method for ordinary differential equations. 

Mien f - f(x,y; u; p,q) and f is merely continuous this 
attack involves difficulties which wo Imvo not been able to re- 
solve. We sketch the method to indicate the source of trouble* 

In a neighborhood of the origin a partition TT by 



aj 


L 




chnraoterlEtics is specified where the 




Aoi 


A„ 


subregions in the first quadrant 




Aoo 


/I /a 


are defined as 


o 






^ Ij 1 1-- ^ 1 1 (i,j.0,l,2***) 

y, y ^ y. - 








L*'J ^ ^ i 



as fonaalate the approximate integral surface u corre- 
sponding to the partition IT as follows; 

(2-46) u^(x,y) - \ dV^ 



where 
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(S.47) (x,j) z “ ly^ 

“TTg 

for (x,y) € 

Th« principal dlfflc\*lty ll«.d in the feet that the derivatives 
(2.4fJ) E^(x,l^) dlj and 

(?.4S) uiTy =f F-|r(i»y) 

are d' scontlmous across the partition lines x m constant and 
y c constant, respectively, th^is preventing the direct application 
of i\ryT:LA*o thcorcM on eq*’icontlmouo functions when we consider 
the sequence of approxinato intepral surfaces fomed by partition 
roflnenent* 

The equation of (P«45} appears to be sore ^usenable than the 
pore reneral eqaation involving tho first derivatives p and q# 

0. [16] p. 62?, by demaixilng only that f(x,yju) be continu- 

ous and Lipschitsian with respect to u, has proved the existence 
of a unique Integral of u s f(x,y;u) satisfying Blrlchlet con- 
dltlons, i.e. the value of u prescribed on a closed contour* This 
re»« It, »hile rosarkable, is not contradictory since u Is shown to 
have a discontinuity of the second type at one point of the 
boundary. 

’e conclude this chapter "-Ith the statement of the extension 
of Thf*or'"«b 1 and la to a systea of «q\;atlons 
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satlsfylnc the Initial condition* 




Theoreai 3* below, 1« a natural extension of Theorea 1. In 
principle. It «• flret obtained by 0. KICCOr’^TTI |^143 P*7. Hi* 
statement, hoiraver, is not explicit about the bourse on the desain 
of exletencs. Moreover, to prove unlquoneaa he requires the fj to 
be of class C’. Mo obtain the lsj,prov«d statement. Theorem 3, by 
aodSfylnr the ar^isents of p. 402 arid p. 403 to apply 

them to the system (2.50) • 

Theorosa 3) _ 



2) The f^ art LlpaohitEian on 5”; l.s. there exists a positive 



1) r^(x,j; u^J Pyqj)^^ C(B^), H”: 



0 ^ X ^ 



0 ^ y ^ 



-a :< U. a 
**Ox^ Pj ^^1 





3) K /i /r,< a, « ^ bg, K /g ^ where 




Rotation: (x,y; jj; Pj»Qj) * (x,y; 



#Pn» 



qi, 



• •# 



4) Thor« oxiata one and only one sot of function* 

, U,(x,y)^ C»(K), ^ • (Jal, •••,?»), 

where R:Co ^ x ^ A , such that for each (x,y) (S R the point 
(o^y</ 

(x,y;uj(x,y) j Uj^j^(x,y), ^ 2", end 



Uj^(x,0) • Uj(0,7) m 0, (is !,•••, n), for each (x,y) e R. 



By relaxing hypothesis C) we obtain the lt::proved tbeoren 
below; fehlch etanca in the aar# relation to Theorem 3 that 
Iheorea la does to Theorem 1* 



Tbeoren 3a 



1 ) 

2)^ The f are partially Ltpschitxlan on B”; !••• there 
1 

exists a pceltlve oonatant K ouch that for (x,y; u,; pK q^) 

V J J 

(3t,y;u ;p2.,q^.) e B", and I s 1, f,’*’, n, 

•> J J 

ll*i(x*yj Uj; pi^, ql,) - fi(x,y; u^; p®,, 






3) 



‘i) There exist* at least orj* set of functions 
u^(x,y) £ C»(n), u, j._(x,y) s C(R), (J«l,***,n), whore 

^ ^ t A J 
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nj -{ 



• -~~^2 



duch that for «ach (x,y) e R tho point 





u^(x,0) s U 4 (0,y) -0, (Is for each (x,y) ^ R. 



The proof of Theorora Sa la easentlally a step by st^^p rope- 



that for each positive Interer 1 there exleta a aequenoe of 



and the f^ as before and obtain that there ejelst positive oon- 
atanto Lj, such that for each 1 ^ extended, and 



fore, usliv! Theorea 3 In place of Theorsm 1 to obtain the Integral 
associated with each gj^ ^ * 

note only one point of significant difference in the 
arguRenta. In place of inequality (2*13) of Ifeiniaa 2 we now have 
the Inequalities 







( i= 1, • . • ,n) . 

Snr?»'ing those, and letting 




> 



we obtain 




D 
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0 ^Z(y) ^ Z{ dVj -H 

to wtilch Ltnsraa 1 applies. Thus the aquloontlnul ty or each of the 

seqjencas \ tt. . \ $ (1 - n) is aas'ired. 

I i \, T ^ 

Renarks a) and b) to TJxeorens 1 and la apply, with obvloia 
sodlfloatlons, to Theorcica 3 and 3a. Koreover, as before, we »ay 



extend the donaln of existence of the integral surfaces of 

^ *‘^1 ^ ^ ^ A 



Theorems 3 and 3a fro» R to R 






The aet of functions ’-^n^ represortlng the solution 

to the problec of Theorems 3a cannot be shown to be unique. This 
is nade evident by extending ^^xassple 1 to the systets 



u, s 
l,xy 



I'^li ’ Uj^(XfO) r Uj^(0,y) « 0 



s 0 

2,xy 



, u (x,0) r u„{C,y) » 0 
2 ^ 

: t 



u z 0 

n,xy - 



, u (x,0) s u (0,y) z 0 

aX 



for which u, = 0 



(1 s 2 



*1 O ^ 

while u, = 0 or u, • i— x’ y*^. Thus at least two sets of solu- 
^ ^ iC 

tloas are possible for this system which aatisfisa the hypotheses 



of Theoren 5a. 
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CilAPTKR III 
The Cauchy Froblea for u * 

*y 



f(x#y; 






u ,u ). 

* y 



The developmnt of this chapter closely parallels that of 
Chapter II* Consequently, the notation will he abridged. In 
particular with respect to the arguaents of functions; and the 
proofs will be nerely outlined to show minor warlatlone froa the 
stateaents In Chapter 2, 

For reference, we state the following theoren proved first 
for systoas of equations by 0: MICCOL£TTI [14] p* 7* Our state* 
sicnt may be easily Inferred from that of £• JCAJIKE [2] p* 405 and 
p. 410, by a slight modification of hls proof* 



Theorea 4 




1) f(x,y;a;p,q) ^ C(B), 

J 0 ^ X ^ 



B: 



1 

0 ^ 

-a ^ u a 

^ P < 

U-bs«l «»>2 

2) f Is Llpaohltslan on B, (as 
defined in Theorem 1)* 



3) 

4) 



1 /g ^ 

’ 0 ^ X ^ / 

' y - ^(x) 



M /i < bg, X /g < where M - asx 1 

^ idiere ix) & C»([0,/j^l), q?'(x) /O 

for X e and (0) * /g. 



fl 



^ (/l) « 0* 



on Q 



1 
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5) Th«r« exists on© end onl^ one function u(x,y) e C’(^ )• 

To"a-x“4’7i 

u_ (x,r) e. C(R), xhore t '< , s-/ch that for each 

^ ( 0 i y* 



{^#y) s the point (x>y; u(?,y); u^(x,y), Uy(x,y))e H, and 

= f‘(’'.yj u(x,y)j u (x,y), u (x,y)), 
xy X y 



u(x, l^(x)) s n (t, (^(x)) - u (x,(^<x)) s 0 

^ y 



for each (x,y) R* 



Remarks c) Suppose we prescribe u(x,(^(x)) sU(x), 

Uj^(x, ((^ (x)) - P(x), Uy(x, (^(x)) - r(x) where *J(x) e C*(L0»/i3 ) 

while P(y), Q(x) e c( prescription must eatisfy 

the strip cocaltion 13 ' a P -h Q • * for each x <£ • 

Consider the function w(x,y) s U(x) + (y - (^(x)) CJ(x)« Clearly, 

w a 0»(x) while w (x,(^(r)) - U(x), w (x,^^(x)) ts P(x), and 

w (x,4^(x)) s "(x). Hence the Sanction v s u - w oust satisfy 
7 

-h i'tXfy; V 4- WJ V + w , V + IS ), with v(x, (x)) 
xy y y 

- s 0, a problem of the tyoe covered 

by 'T'- ^ orea 4 • 

d) nypothosls 4) of Theorem 4 is sol's restrictive than 
it need be* At Isolated points of we »ay have a horizontal or 
vertical tari^snt, provided that '1" does not cross the sane char- 
acteristic rore than once. 'or, nnder these conditions the in- 
verse '^xnctlon to will exist and be contln’io is for all 
7 e LO./g] • 

fxir l-nprovitrent of this theoreo is as follows: 



f 
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Theorem 4a 



1 ) 



S) ' f 1« partially Llp#chitrlan on I', (at daflned In Thaorara 



la) 



3) 

4) 



^5) Thara exists at least one function u(x,y) e C'(R), 



(x,y) e: H, the poir-t (x,yj u(x,y)j u (x,y), u (x,y))^ ' , and 

X y 

u(x,y)j u (x,y), u (x,y)), 
xy X y 

n(x,(^(%)) - u (x,4?(x)) - u {x,C^(x)) s 0 

* y 

for each (x,y) e R, 

O'Jfcllne of nroof. 



Irverss ri 2 ^‘-'tlon to . 

oay express the problem aa the lnta£T?al equation 



u 



(x,y) e C(R), »hara R: 



/g 



lT5-x^/, 

such that for each 




(3.1) 
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Oy iTKISRSThASi ’ th^oraai, ther* exists e sequence of poly- 
nowlsls ^ ^ ^ iL ^ *f on B* *e extend the domain of definition 
of f end the polynomials over ^ to P» by definition (2«1}. 

^e obtain again the constant I> > 0 such that |g^^<:L In B* 
for all X* Moreover, for each the Llpschlte condition 

(9.2) Is satisfied. Thus, by Theoresi 4, for each X there exists 
a unique solution n ^ to the problea 

(3.4) A A ,xy A ^ A ,x A ,y 

(_ u ^ (x, (^(x) ) = (<5 (*)) s ipU)) s 0. 

That the sequences 

uniformly bounded on R, and that the eequence equl- 

contlnuous on R la iRsnediately evident from the equivalent inte- 
gral expressions 

(5.5) u^(x,y) A* ■■x' '^X.*'"A.y> " 






(3.6) ^^(x.y) (X, ^ iu , ra ^ ^ . 

(3.7) »x.y'--y) "X' A.x’"X.y> • 

e now establish the equlcontirsulty of I 

This done, the same arg’jaaents as those for the proof of Theorem 
la •111 serve to obtain a subsequence ^ of which 



converges -inlforsly to the solution u. 
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There Is no loss In generality In restricting ourselves at this 

r 0^x$/ 

point to the consideration of those points (x,y) <£ n t] • 

f*or «e shall see that the arr’iaents developed below will apply 

f 0 ^ X ^ 

as well for (x,v) e K : ) after a simple coordinate 

1 C 0^ y ^6?(x) 

translation and rotation* Thus IJT we Insure existence of a solu- 
tion on R^, existence on is slspiltaneoualy verified* Moreover, 
the Cauchy Initial data insure that such integral surfaces have 
a flret order contact along HT and hence define an Inttgral sur- 
face throughout all of R = 4- Eg* 

Given points ^ ^ & Hg, it is always possible 

to label these points in such a way that (x.,y^) e, B * This being 

IP 2 

done, we have that 

(3.3) ^ ' 

(3.9) I u x,y<V^s’ ■ " ^ ^ 1*8 ■ *ll • 

Aasvnlnr, without loss, that y > (f? (x„) (x, ) , we have that 

4 

*.e operate on the first Inte/ral on the right hand side of 

(5.10) in the asanner deaonstrated In equation (2*^)* ee obtain a 
form*ila Identical with (?*90) except that here the lower li'slt 

of integration is y s Q? (Xg) Inatead of y » 0. t'or brevity, we 






) 












X 



,x'‘^X*7^ 



(3.10) u ^ ^^{Xg,y)-u^ ^j^(x^,y) -f' 






o^’lt the formla 
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Since 

and since L(? (jt) la uniformly continuous on \Pr/-^ » ^7 same 
reasoning as before we arrive at the sllrrht modification to 
Le"^«a ?, 



frost which, by LeTona 1, 

^ ( /(+<:)«■ 



:^h . 



The equlcontinulty of 



"X.x] 



is thus assured. 



The argument for the equlcontinulty of ^ similar, 

hence Theorem 4a obtains* 

P.eciarks o) and d) to Hieorem 4 apply as well to Theorea 4a* 
''ulte obviously. If f la eontln*aous, bouiidsd and Llpsohltzlan 
(or partially Lipsehl trlan) on the Infinite cylinder with cross 
section n, then hypothesis 3) of Theorea 4 (or 4a) Is ln»«dlatoly 
satisfied. In fact, this was the fora of Theorea 4 which was 
M till red In the proof of Theorem 4a* 

As previously mentioned, the extension of Theorea 4 to systems 
of equations was first obtained. In principle, by 0. KTCfOL^TTI 
ft <3 • «• was not, however, explicit about the domain of exist- 

ence of the solution. The following itateaent may be derived 
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from tho saae *rjruni«at» of 1. KAMJCK P* ^05 *n<3 p# 410 uaod 
ac the basis for Theorea 4* 



The ore?! S > 

1) fj(x,y; u^, •••, u^j •••, p^, q^, •••, q^) e C(B") 

(~ 0 X ^ /• 

B”: i ^ 



0 ^ y < /, 

-» ^ ^ a 



(1 s 1, •••, n), 



2) The fj^ are Llpschitslan on B”, (as defined in Theorea 3). 
^ /l /g < ^ ^ whore 

K s aax ^ 1 f * * * • » | ^ B*’* 

C 0 ^ X ^ A 

4) nr :A ^ where C(? (x) ^ CML0,/J), Q?*(x) / 0 

Ly * ^ (x) ^ 

for xeLo./j^ and 1^(0) » /g, = 0. 

^^5) There exists one and only one set of functions ••• ,u^ 
«j(x»y) eC»{R), ^ C(K), (1 = !,•••, n), where 

r 0 X /i 

Ri < , such that for each (x,y) s R the point 

c; 

(x,y; u^(x,y); u^^y(x,y))^ B, and 



'^l.xy^^'^^ = fi(x,y| u^(x,y), «^^y( 3 f»y))» 

u^(x,(r(x)) = u, ^^(x, t^(x)) s Uj^y(x, ^^(x) ) -0, 

(I z for each (x,y) e H* 



1 
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asay extend the argument* In the proof of Theorea 4a to apply 
to syateaa of equations* The extension Is practically Identical 
with the previous extension of TheoreTn la to Theorea 3a, except 
that now Theorem 5 Is used to establish existence snd uniqueness 
of the solutions of the system 

“iX.xy * «1X “U ' "JX.*' “j A.y>' 

(>= 1,S,***)» 

under the Cauohy Initial conditions* We obtain the following 
theorea: 



Theorem 5a 

1 ) 

2) ' the f^ are partially lApschltzlan on E**, (as defined In 

Theorea 3a}* 

3) 

4) 

5 ) ’ There exists at least one set of fiinctlons ^u^^,*** , 

^ C*{R)# C(R), (1 » n), where 



R: 



0 < 5t ^ 

0 ^ 7 ^ 



, such that for each (x,y) ^ R the point 



(x,y; u^(x,y)j u^^y{x,y)) e B, and 

^1 xv^^»y^ = fAy.,r; u,(x,v)j u, (x,y)), 

Uj^(x,l^(x)) S (x) ) « Uj^^y(x, (|7 (x)) r 0, 

(1 s I,***, n), for each (y , 7 ) (S P.* 
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reMrk c), with obvloua rodlflcatloia^ and Remark d) to Theorea 
4 apply aa well aa to Theorera 5 and 5a. Moreover, In Theorem 6 
(or 5a) we may eliminate hypotheaia 3) by demanding that the 
be contlnuoua, bounded and Llpechltzlan (or partially Lipaehlteiai^ 
on the infinite cylinder with orosa aectlon R. 
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CHAPTi^l IV 

Exlst«n«« TbaoreiBS for Canonleul 
Rjperbolic First Ordsr SystSMS 

In this chapter^ and in Chapters 5 and € as «ell« «• shall not 
give explicit doaiains of definition for the functions involved in 
the differential equations* As a consequence^ existence will be 
shown **in the saall” only* We do this beeause our oethod of attack 
will not yield any iaiprovosMnt upon the domains of existence* no 
matter how large the domains of definition are taken* provided the 
other hypotheses are not weakened* We shall elaborate on this 
peculiarity in the course of the exposition* 

Theoresis 6 and 7 belowiere given by M* CIW<;,UIKloCl£HARIO [18] 
p* 180 in the form stated* A statement imder somewhat weaker 
hypotheses* but based on the saaie proof* may bo found in R* 
COURAirr-D* HI1.BKHT C17] p* 524* We examine the proof to show that 
the arguments therein arc independent of the uniqueness of the 
solutions to ths problems involved* As s consequence* our re- 
sults in Chapters 2 and 5 apply and we arrive at the improved 
statements given by Thecrezns 6a and 7a* where hypothesis 2) of 
Theorems 0 and 7 Is dropped altogether and the corresponding con- 
clusions are altered to read "at least one"* 

ComtBon hypothesis 1) We shall suppose the functions 

{ l*k*l* • • ‘^n)* of arguments x*y,u^* * • ♦jU^, to be continuously dif- 
ferentiable with bounded derivatives In a certain domain D* Fm*- 
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ther, suppose the deternlnant 



(4.1) 



1 »ik I ® lE 



D, 



Under these essu»ptlons« the eyetea 

n 



(4.2) r A^(K,y) * z: (l“l,**«#»cn) 



n 



a, ^ix,j) -c, * 0, (ie«+l,'**,n) 



is callsd a canonical hyperbolic first order ayateRi* 



Theo^cM G. (Chax'acterlet Ic initial value problea. ) 



1 ) 

2 ) All first derivatives of the functions (l,k»l, 

satisfy a Llpschlts condition with respect to arsusents **•*'^£3^ 



in D. 

3 ) II^(x) e C*([0,/j^l) ^ 
v^(y)£ C»((0,/g)) ^ 

U(0)«V.(0) 1 

1 i 



t < ssrT 4 • • 



•#n) 



and 

u.o) 



Moreover# for each x e the point (x, 0 ;Uj(x)) s D 

n 



S a,v(x#Oi U,(x))U»j,(x) 
k*l J 



Cj^(x,OiUj(x)) a 0, 

c n)| 



auid# for each y <s (0#/ ]# the point (0,y; V,(y)) e D and 
n 

( 4 . a) •^j,(0#y|V^(y))V*j^(y) - c^(0,y; Vj(y)) = 0# 

(l*»fl#***#n). 

3.' iieceil the notation: (x, yjUjtx) ) • (x, y?I j^(x)# • • )7 
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wh»r« f u 



Thfsrs exists one and only one s^t of functions 
vj ^ * ^»***»^) 

jC04.x< l2/]i ^ with 0 1^ ^ 1 «n<? ^ sufficiently 

lo^y^J^/p 



f 



e*"*!!, 8' ch that the set of f^snctlona satisfies the eystee (4.2) 
for each (x,y) e P^^ and satisfies the conditions 
Uj^(x,0) • uj^(x) for ye[0, 

Uj^(0,y) - V^(y) for y e Lo# 



(I s !,•••, n). 



Theorem 6a . 

1 ) 

3) 

^^4)’ Th*re exists at least one set of functions, etc. (as in 
Theorem 6). 



Theorem 7. (Cauchy problem.) 

1 ) 

7) (as in Theorem 6.) 

5) T * tor X ^[0,11, x(r) and y(r) € C'(Lo,lI) 

( y « y('zr ) 

and strictly •'onotone, i.e., x fi 0, f ji 0 on Il0#3.]l • 

bj(7r) e C*([P»ll)* (1 = l>***»n). for each '2T<£ the point 

(y('T), y(r)j U^(r)) ^ r. 

r) fner* exists one end only one S'^'t of f-mctSons * • ,u^^, 

^j^(^»y) ^ C»(‘ n^)» ^ C(r^), (1 s !,•••, n), where 

Ir a sufficiently small neli-hborhood of the -:urve X , such that 



-■s 
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the set of functions satisfies the systea (4.2) for each 
(x,y) e. and satisfies the conditions 

U, (x(r), y(r )) » u,(zr) for '^^LOpi]> 



Theorem 7a 



1 ) 

6) 

^6)* There exists at least one set of fxsnctlons etc* (as in 



Theorem 7* ) 

The proofs of these theorems are contained in the follow- 
ing arri«T5ent; 

Suppose w« have a set of functions ,u^"^ , either 

se a solution to the characteristic initial value problem above on 
a dO’".aln hy^ , or as a solution to the Cauchy problem above on a 
'^oaaln H -p ♦ Then for either case, 

n n 



( 



n n j_ n 

4.5) A, s ^ a u -i-'ZI a.. -fr- ^ *lk u u, 

l,y Ik k,xy kslLi>f»y r«l 



n 



• 0 






(4.0 S :ty r*lk X ^ “r 1“^ 



- C 



*»* krl 0 



r 0, (1 s »+!,•• • , n). 



"”qua^lona (4.5) and (4.6) arc n linear algebraic equations in the 
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n unknown* u. • c.lnc« the dat«ralnant of thla #y»te*,la, , \ 
l^xy ‘ \ 

does not vanish over the do-n&in In question, we may solve the 
STStea to obtain explicitly 



(4.7) u . f.(x,y; u ; u, , u ), (1 r !,•••, n). 
l,yy 1 J 2 »7 



Under hypothesis 1) alone, the are continuous and partially 

Llpschltrlan over any bounded domain In the 2n -+- 2 dimensional 

(x,y; u.; u. _, u, )-apaco where (x,y; u.) e D. If hypothesis 
J J** .l»y j 

2) also applies, tl>e are "f-illy” Llpschltalan over any such 
domain. 

Consider Theorems t> and 6a. The characterl stlo Initial condi- 
tions Ir'posed therein, coupled with the system (4.7), form a 
problem of the type considered In Theorems 3 and 3a, respectively. 
(Chapter 2). ^e have shown above that any solution of a canoni- 
cal hyperbolic system Is also a solution of a particular system 
of type (4.7). If we now demonstrate the converse for character- 
istic initial conditions, l.e. that any solution of the derived 
system (4.7) Is also a solution of the original system (4.2), then 
Theorems G and 6a follow directly from Theorems 3 and 3a respec- 
tively. 

Suppose we have a set of functions •* as a solution 

of (4.7) over a certain do?<aln Including the initial character- 
Istlf's. Py (4.5) and (4.C), which are merely alternative forma 
of (4.7), we havi 
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, (1 r !,••• , a < n) 

, (1 - n) 

by (4«2) and (4»4) of hypotheela 3) to 
wo have that 

(1 s !,•••# » < n) 

(1 s n), 

{i a a <n), 

(I a a+1,***, n). 

Hence the converse is shown* 

”or the Cauchy problem considered In Theoreas 7 and 7a, we 

observe first that we can determine y('C')) and 

u (x(7T), j{V))t (I = ft* functions continuous for 

1 

each ^ []0,l3 > solely frc»n the prescription of u^(x('^), y('Z^)) 

-13,('ZT), (1 - !,•••, n), and the requlieaent that the canonical 
hyperbolic syaten (4*2) caist be satisfied at each point of ^ . 
;**or, since 5 -h / 0 along we may write the strip conditions 



r A (x,y) r 0 
(4.3) -I 

L : ° 

over this domain, but, 
both fheoreas 6 and 6a, 

r A.(i,o) . 0 , 

(4.9) \ 1 

(Ej(O.y) . 0 , 

wh.nc. 

A^(x,y) = 0 , 

Bj^(x,y) ^ 0 , 

throughout the domain. 



(4.10) = pj^x + q^J-, (1 a n). 



as one of 

(4.11) s i (Uj^ - Pj^x) or p^ = ~ 

7 * 

Consider a particular point P e where 

q. = u* V • ^ Into equations 

^ ^ f y y ^ ^ 

•^lese, tos^ether with the equations A.j^(?) 



- qi^)» (1 = !,•••, n). 

y / 0* Here we s ibntltute 
E^(^) w 0, (lea+l,“*,n). 

• 0, (1 s !,•••, o ^'^)» 
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fora a linear al£ebraic ayatem In the p. = u. (P) with deter- 

1 1 

?:tnant |a | 0. Thus the p. are uniquely determined at P, and, 

br (4.11), the ae well ar»* uniquely determined at P. If ■ 0 
at P, then x 0 there and a almllar argument applies utlllrlng 

Pi - r ''^‘1 - 

Thus we have. In effect, preacribed all three seta u, , u, , 

X X pJC 

u, , (1 s l,***>n), along T once the u are prescribed along T* 

X f y X 

and the u, and the u. are neroly required to satlsfw the 

l,y 

strip conditions (4.10) and the canonical hyperbolic system at 
(4.P) et each point of ^ • 

Supnose we have a set of Ajnctions ** * solu- 

tion of 

^ 3t» = !,*••»«) In a 

i,xy i 3 j,y 

relphborhood of the initial curve HT and taking, with their first 
derivatives, precisely the above determined values at each point 
of ^ . Then by (4.5) and (4*6), the fact that those functions 
and their first derivatives satisfy the canonical hyperbolic 
system (4.2) at each point of ^ implies further that the system 
(4*2) corresponding to (4.7) la satisfied everywhere In the 
neighborhood In question* 

Kith hypothe-i^ls ?) Ijopoaed, system (4.7) anJ the initial data 
on T satisfy the hypotheses of Theorem 5, while without hypothe- 
sis P) , syatef^ (4*7) and the Initial data on if satisfy the 
hypotheses of Theoreta 5a* ^jt since we have shown above that each 
solution of (4*7) is a solution of the corresponding canonical 



1 



52 



hyperbolic eystea (4«S), we have that Thecrea 7 la « conaeq'jence 
of Thaorea 5, while Thsorea 7e la a ooneequenca of Thaoraa 5a. 

In thoae four theoraaa wa are unable to praacrlba the do-Alr, 
of oaflriifclon of the functlona 



fj^(x,y; u^; (1 r n). 



In ouch a way aa to Inaure existence of a solution throuFhout 

f 0 ^ 

Es A • This Js b<^cau8« the f. are continuous for 

all Pj and q^, (j s 1,* ••*«)» but may turn out to be bounded only 
whan these variables are restricted to finite dcnalns. The fol- 
lowing axeaple daaonatrataa why the existence of solutions can be 
found only'^n the small”. 



"•xa**ple 3. Consider 
for the systep 



u, 



, r u, f 
i,xy l,x 



u. 



2,xj 



= 0 



u 



n,xy 



z 0 



tha character! Stic initial •falue problem 



u^{x,-l) 2 X, 

Ug(x,-1) 2 C, 

t 

♦ 

u^(x,-l) - 0, 



u^(0,y) s 0 
u^{0,y) 2 0 

u (0,y) 2 0. 
n 



®7 quadratures. 



we obtain the solution u 



1 






, while 

V 

w 



u„ 2 ••• r u s 0, quite obvloisly. The f, correepondlnf to this 

pro^le*u possess derivatives of all orders for all values of all 

2 

variables. However, f. = u, bsconjce unbounded as the ari'iment 

^ ± fX 

^l,x increases Indefinitely in absolute value, tie note that, 
despite the specification of Initial data everywhere alonf the 



r 

r 
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lnt«‘r«oeting chai-aofc«r' otl ca x « 0 anO y « -1, the first function 
in the solution, tksjsfviy has a tilacontlnuity across the 11ns 
y e 0. Kencs this exs«ple typifies tho**© eases for which so3u- 
tiona exist ’’in the ssiall’* o'.ly# 

xe note that Pertark d) of Chapter I"I applies as well to 
h'TJOthesia 5) of ^eorems 7 and 7a. The statement is that 



of . In fa' t, the ar^ .’m«nt In the proof above applies directly 
to this statement. 




y(r) e C‘(L0,l3), monotone, and with / 0 at each point 



r 
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CHAPTER V. 

The Cauchy Problaa for ?(x,y; u; p,qj r,a,t) s 0. 

In this chapter w« concern o»:rs9lv«s alth the Cauchy problen Cor 
tho general nor.-llr^ear second order partial differential equation 
in the hyperbolic doe»aiii* .specifically, the problen Is to deter- 
ailne ar Inte^’ral ourface of the equetion 

(1.1) F(x,y; u; p,qj r,a,t) s 0 

such that the hyperbolic condition 

(1.3) ? ^ - 4 r >0 

a r t / 

la satisfied thereon; Tioreover, the integral surface wjst have a 
second order contact with a flven second order strip which Is no- 
where a characteristic strip. 

In his celebrated paper ^10~^ , H. L'nsy successfully attacks this 
problea by reducing equation (1.1) to a syatea of first order par- 
tial differential equations for the unknowns x,y; u; p,q; r,s,t 
as functions of the paras-ters X *nd of the two faallles of 
characteristics on the integral surface in question. LEiTf’s 
existence proof for the systea is based on a finite difference 
arffuaent. However, the system Is of canonical hyperbolic fora and 
the theorem of K. CIK^.^ISI-CIKIAIJO, Theorem 7 of Chapter IV, la 
l3*^edlately applicable and Insures existence and uniqueness of the 
solution In a sufficiently S'^11 neighborhood of the Initial strip. 
’Moreover, as danonstrated below. Theorem 7a nay be used to effect 
an laprovesent on L’^^'T's work. 

se present almultareously rr'-y’s original theorem and our 
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Itprovscent on It. Lrsy»« th«or«« Is obt&inad by omitting bh« 
par<f'nth* 80 s. O’jr thsorsa Is obtsinsd by replacing the under- 
scored atateaents by the corresnondln;, ones In the par«rt!i*o«'n. 



Theoroa S (Sa) 



1 ) 



s^: -i 



X « x{ r ) 



y a r(r ) 

u r J ( -r ) 



p s p('Zr) 

Q 5 q( 2 ^) 
r - r( 6 ) 
a ■ 8 { "^ ) 



"or 6 6]3 o,1^ Is a nowhere c!iaracter- 
tatlc oecond order strip. 



t s t( 2 T) 

u. 

l.e. x,y; u; p,q; r,s,t('Zr) ^ C»(t.O,ll), and for each , 

1 ) 

11) 5' ^ x"' / 0 , 

111) ^ *r *t >0» 

Iv) (x(T), r(r); u(^); p(r),q{'Zr); r(2r),B(7r ),t(z)) 



s 0 . 

C *»*( <£ r •* ) in a -'ertaln relchborhood of S^. 

3) ''hors exists one and only one { at least one ) Integral sur- 
facs J: u a u(x,y) of the equation ?{x,y; uj p,q; r,e,t) m 0 such 



that u{x,y) <s C’*’ In a S’lf f'lclently saall neighborhood of the 

s x( 4 , ) 

*'cr '2'<5|_0,11 , and such that 
^ , ,y 5 y(tr) p 

: u - u(x,y) has a secord order contact with the strip S . 



base curre 'T : 
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Te first 4sy.on3tr8te that any soTAtlon of the above probl««, 
torether ulth Its derivatives of the fiist and second orders, 
represents a solution of a particular canonical hyperbolic systea 
under the aacac boundary conditions. 

..e assusc that ^ 0 and 0 In the domains considered in 

the follo’wing axpnnent. This may be done without loss of gener- 
ality. For, by Definition la, a characteristic base cuinre auat 
satisfy 



(1.5) 



1) Py y® - Fg y X + « 0, 

2) x2 -b JrS ^ 0 . 



? • 

fuprose at a point of S that -’j, - 0. Then x = 0 represents the 
vertical tan.rent taken by one of the characteristic base curvsa 
tbrous'h the projection of this point ont>o the xy plar». Con- 
versely, if one of the characteristic base curves through a point 
In the projection of has a vertical tangent, then x s 0 there 

O 

and, consequently, ? s 0 at the correspondliyr point on 3‘ . Lika- 

T 

wlss, - 0 If and only If y s 0, In the sense above. Thus, by a 
suitable coordinate rotation in the xy plane, ve may Insure that 
;/[ 0 and }i 0 In a neighborhood of the point In question on 
"'•ranting that this la a local property only and that the 
peptic liar rotation perfor*’**! may Introduce vulues of ’’’j, s 0 or 
= 0 at eome other sufficiently distant points on S®, we ob- 
servs that this local prorerty is suf'‘iclsnt because our proof Is 
iltl’*’at«ly based upor fhoore’' s 4 and 4a of Chapter I* j,. In those 






m 
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thaoreas the Integral equation ctatemont of the problem made It 
plalrly ©vlOent that the val le of the integral at any point P 
doperded only \ipon the portion of the initial curve cut off by 
the tvTO rharacteristlcs Intereoctlng at P. Conaequently, we nay 
con?ldni« the arrr~’«rits belo-*^ as applying In anoceonion to small 

n 

overlapping aegmente of S , with coordinate axes rotated suitably 
for each segment considered. (See also R. C3*JPAf»T - D. HILE^T 
|[17'] p. 323 and p. 332.) 

Let ns assume that we have an Integral surface J: usu(x,y) 
satisfying the conditions o^ either Theorem 8 or Theorem 8a. Then 
by (1.5) we conclude that the related characteristic base curves 
are the two one-par ane ter families of curves determined by the 
equations 





* 




where 




$ 




are fiirctlona of the variables x,y; uj p,q; r,s,t 

p 

' in a neighborhood of S by the hyperbolic condition 



(1.3). 



Consider the coordinate transformation 



(5.5) ^ 

y = y( A ,^) . 



' X - x( X ,^) 
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The Jacobian of thli tranafoncatlon. 



(5.6) - y^ x^ x^ . 

o 

docs not vanish In a vicinity of the projection of C . This fol- 
lows since \ ^ 2* wojld, by (5.1), inply 

- 0, contradicting the requirement ^ 0, (similarly for 

). Hence the inverse transfoimiatlon. 



(5.7) 



X s X ( 3 c,y) 

JJL’ * y(/C ( ^ y y ) f 






exists in a vicinity of the projection of S 

Along the characteristlCB on J: u«u(x,y) certain additional 
equations must be satisfied. These are determined as follows: 
Clncc P 6 C’”( e C*’) and u e G*’’, we obtain by 
differentiation 

F r +F s +F^t s - r ?3 _ 

rx^ax tx ‘-'‘X 

^X^x + yx«x = ^ 



( 



5.8) I 



^X«x +^x V = 






whore 



(5.9) l/}^ = :• r + FA + + F 



Similarly, 
(5.10) 



r ^y ‘ s ®y + ‘ t ^y = ” y 






" ^X V = 



®x 



where 



I 
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(S.n) C-l , - .p* + f,t + 



q . 

Since X !• the p«.rarj©ter for one fenlly of character! atic 
curvea and» consequently, is the path parameter along each oi the 
curves of the other fa'r.ilv, the detemJ n&nt 



(5.1?) 



‘r 

0 



t? 

' 8 

^A 

*A 



0 

^A 



= 



A 



.y, X , H- sr 0. 



‘a-'A A 



Hence the q’jantltiea on the rl<?ht-har.d side In each of the systesa 
(5.S) and (5. 1C) must bo linearly dependent, l*e* in each systea 
the augaentec! natrlx of coef-^i dents irist be of rank loss than 
three. Consequently, 



(5.13) 



M X 






-r 



A 

’a -a 

Becallln* the assumption made without loss. 



= Va ''t'A ='A tf’l X* A 0- 



X* A A' 



(5.14) 



F r 



« i and jy ^ 0, equation (3.13) reduces to 

X X s 0. 



A U “““ -A 
+ hr Va W X -A 



r^A * t-A 



Likewise, ^rof“ (5.10) wo obtain the llnoar deper^ence of the 
rl*ht-hand terns in the s om 



(5.15) 



/°, r*A "• VA + t'ly “ 



0 . 



xlon.e the curves of the other family of characteristics the 
followin'/ relations must be satisfied. These are obtained In a 
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fa«hion coaplstsly aniilogous to that used In obta^nlnj (5.14) and 

(5. 15) : 

(5.16) V° 

(5.17) p, +Crl y =0. 

■^n. addl tlop, the strip conditions 

(l.O) u r p i + Q y 

r p = rx+sy 

i . 

[qssx + ty 

•nist be satisfied alon*^ any curve lying, on J: u«u(x,y). In 
particular, they nnst be catisfled along any characteristic on J* 
’'ro53 equations (5.1), (5.?), (5. 14) through (5.17), (1*8) and 
(1.9) •»# obtain the following system of "characteristic equations" 
i.e. equations which rsust be satisfied along the characteristics 
on any integral surface J : 

^ 1 = ■ Pi ’'A • ° 

Vj = pi !r“x + t*x +M y ^ 

(5.19) V/. = »x • ’’’'X ' = ° 

1^5 » »x - ’'x - ‘ 5 a = ° 

- ax^ 

ly 1 • =° 

ly s = - r 'ty* ■*•1^ ^ 






0 

0 



s 0 



> bystecx 
A 



i 
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(5. IS) 

{ continued) 



Vi' f 8 ''rV + ^ V 7 * ° 



Vi ■ > 


- P 


> 


- q 




s 0 




^Pyatew 


^8 * V 


- r 


V 


— a 




s 0 




a 


I'e = V 


- 8 


y 


- t 




« 0 







'fe ob8<»rv9 that Sy§t«as A of (5«1S) la of canonical hyperbolic 
fora In r,y; u; r,Q| as furctlor* of X end • Since for 

Theorea 8, / e C**’, while for Theorem 8a, F e C'', the coeffici- 
ent* of all equation* In (5.18) are functiors of class r»' for 
Tbe»'>ren S, and of claes C* for '’'hoore* 8a. I’oroover, the deter- 
minant of the aatrlx of ooef '’icienta for System A, la, after 
Interchan-e of rows and colunna. 



(5.19) 



fi 


1 


0 


0 


0 


0 


0 


0 




1 


0 


0 


0 


0 


0 


0 




0 




0 

K ^ 


0 


0 


c 


0 


« 


0 


F\^V ‘"*t 


0 


0 


0 


# 


0 




0 


0 


0 


0 




■o 


0 


0 


0 


1 


0 


0 






0 


0 


0 


0 


1 


0 




a 


0 


0 


0 


0 


0 


1 



P, 







where tJie co^‘ fi cl ante desl mated 



only by aaterlaka, 



do not 



ccntrl' tc to the aloe of ».be determinant, fince '* ^ 0, /. 0 

^ ti 

^ neighborhood of S-, th^ deter»Anant (5.19) doea 

not virlsh therein. Hence any solution J; uaa( 3 t,y) of th« problem 
of Theoren 8, tocether with Ita flrat and second derivatlvea. 
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satisfies the hypotheses for Theorem 7; because the requirement 
that ? e C’’’ Is certainly sufficient to Insure that the first 
derivatives of the coefficients of System A be Llpschltslan with 
respect to variables x,yj u; n,qj r,Sjt« Moreover, the require- 
ment In Theorem 8a that ? e C’* insures that the coefficients of 
System A are of class C*, as demanded by Theorem 7a. 

In the \jj^ $ ov characteristic, plane, the initial base curve 
has the parametric form 

: r X s X (3c('C ), y{ 2r)) for Z"e|^o,3], 

I ^ = yA. (x( r ) , y(r ) ) 

and is nowhere parallel to elthoi’ the X or ^ axes. Consequently, 
T may bo expressed In the non-paramo trie fom 

X = 

where (j^ij^)(S C’ and 0. If we Introduce X’ * X and 

s • l^(^) as now characteristic parsmeters, we observe that 
equations (5.18} remain unaltered in form. Hence we may assume, 
without loss, that the Initial base curve has the representa- 
tion 



(5.20) X + /c =0 

In the XyA- plane. 

"6 now demonstrate that any solution of System A satisfying 
the given Cauchy initial conditions la also a solution of the 
problem of Theorems 8 and 3a. This done. Theorems 8 and 8a are 
Inmedlate consequences of Theorems 7 and 7a, roDpectlvely. 

Following J. HADANARD ^ll2 p* 504, we show that for each set of 
functions satisfying System A and the Initial conditions on 
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\ * jiL • 0, the Sjetem B ie likewise satisfied* Note that in this 
part of the argaieent we cannot adoiit that p^q^r^s and t are d«» 
rivatlves of u. Vhls is now a natter of proof* 

Differentiating F(x,y; u; p,q; r, s*t) by \ and observing 
equations (5*18), we obtain 

(b.81) ^ - Va ♦ ^3 ♦ ♦ Pp (fo ♦ P, 4'6* 

lip 

Hence ~ » 0 for each set of functions satisfying Systen A* How- 
d X 

ever« by hypothesis, P » 0 along X • 0« Thus P = 0 tliroughout 
that region wliere the set of functions satisfying Syatea A is de- 
fined. This in turn iaplies that 

(6.22) tg ♦ If's ♦ P„ 4^4 ♦ Pp f 8 * ''q ® throughout tfa. 

ssffls region. By hypothesis, l|/g » 0 in this region, hencs 

(5.23) 1^5»-Pa ^4-^ *1^6-Pq 4*^6 

therein* 

Since ^ obtain froa (5*18) by siaple algebraic 



operat Ions 






(b.24) 


1^1 if 


’•■x V * 'xP/. 


♦ H, 


(5*ii6} 




■>*X * 


♦ U, 


idle re 






(&*26) 


y\ y 

H ■ X 


[F], * [F] 

■ X r 


X ' 


(5*ki7) 


t 


Sv X, ♦ t \ y ♦ 

A A yU. 


K. 



*1 



m 
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(8.88) ^ 



filer* 



(8.89) K - f'J, * "’V • 



Xv X 



Bj Tbeorea 7 or Theorea 7e, the functions of the set setlsf;;* 
log Syatea A end tlie Csuchj InitLaX data are continuously differ- 
entiable and possess continuous nixed second derivatives* Thus 
«e Biay perform the differentiations in the following relationss 



(5.30) dJ -Ip 

' *# A 4» 





■"X V 




- 






- • 


^8*X - 






♦ a . y 


r X , - 


)fjx. 


X A 


A > 


A X 




•y^l 


-dsULL 


- 1^8* 














' 






by (5*24) and (5*25) above; 
(6.32) 



V*X 



6,K -/‘-A 7^ 'A 

- ^ 'P3 - . 



- 



- t\ y 

X ^ 



FT 



by (5*27) and (5.20) above. Bitt System A is satisfied^ hence 
( 6 . 30)9 (6.31) and ( 6 . 32)9 6y virtue of ( 6 . 23)9 reduce to 

>1^8.X 



(6 
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In (5«S5) all funotiona are Icnoim axcapt and 

thair derivatlvea with reapaet to X • Moraovar^ along \ m 
Syatam B la aatlafiad^ l«a* • 0 ^“ 01 * X « • 

For flxad ju^ aa may conaldar (5«53) aa a homoganaoua ayatem of 
linaar firat ordar ordinary differential aquatlooa under homo- 
geneoua onapolnt boundary conditiona* Thla ayatem haa the unique 
aolutl on 

throughout the region of definition of the aat of fuzustiona aatia 
fying Syatea A* B^(5.25}« ^ 3 *^ aleo« and the Syatca B la 
ahom to be dependant upon the Syatem A in tba aensa above* 

From the functlona x * *( X y * y(X , jx) of the aat 

aatiafying Syatem A, we may form the inrerae functlona X* X(x*y) 
y^(x*y)« ainca the Jacobian 
(&. 6 ) 

doea not vaniah* Hence we may express tba function u « u( X *ytA ) 
aa a function of the independent variables x and y* 

Wa now need to show only that 



(5.34) P • q * Uy, r « a * and t » 

throughout tho above region to complete the proof. 

How cp^ « u ^ - px ^ - qy^ ■ 0 

l|;4 - . px^ - qj^ - 0, 

\idiile the determinant of thla linear syatem ia the Jacobian (5.6) 
and hence does not venieh. Thus there axiats a unique solution. 



66 



But p - u , q » u obviously satisfies and hence represents the 



y 

unique solution* 
Similarly, 






hence r 


* u and 


S = 


u ; 




XX 




xy' 


Vo 


1 

tl 




- ty^ 


't'o 








hence t 


= u and 
77 


V 


^xy ~ 



- =0 

» 0 

« 0 , 

s* Tlie proof is now complete* 
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CSA®?^ VI 

Th« Characteristic Initial Val'is Problsn for 
F(3r,y;ujP»QJ r,s,t) » 0. 

The whole Idea of a characteristic Initial value probleo for 
the sqxiatlon 

(1.1) P(x.7J P»q? m 0 

a ppso-J's paradoxical at first glance. In tbs Cauchy problea the 
prescribed initial data was sufficient to detsrains whether or not 
the projection of the initial curve was characteristic, in this 
probleo, however, we aerely prescribe two Intersecting space 
curves throu^ which an integral surface of the equation (1.1) 
mst pass. Since the characteristics are, in general, dependent 
on the Intecs^l surface in q^jestlon, it would appear impossible to 
determine, a priori, whether or not the prescribed initial carves 
have characteristic projections. 

That such Is not the case is demonstrated by i% CUK^IKI- 
CI2HAFI0 LlS^. In this paper she treats the characteristic 
initial value problem as a special case of the wore general '’our- 
aat problea, i.o. where two arbitrary intersecting space curves 
are prescribed through which an Integral mjrraco of {1.1} asuat 
pass. Coesaenclng on p. P20, she ^.ives the necessary and saffi- 
clent conditions that these curves bo characteristic to any In- 
tegral surface paaalne through thea. ¥e call curves satisfying 
these conditions ’'intrinsically characteristic'* curves. 
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in this chapter we exanine her developraent, for the particular 
case of the characteristic initial value problem, up to the point 
where a modified fora of the sjatea of characteristic ecjuations 
(5«15) and the above necessary and aafficient conditions are ob- 
tained. There are two inportant differences between her develop- 
nent end that of E. LTWY given in the preceding chapter. First, 
she transforas the Initial curves into the coordinate axee. Since 
these curves are characteristic, this implies isBcedlatsly that 

s 0 and ; 0 at the origin* Ihus ssany of the divisions per- 
formed in Chapter V are now Invalidated. Second, she la able to 
solve (1.1} explicitly for s, obtaining 

s » f(x,y; uj p,qj r,t) 

and thus to reduce the number of equations in the systMi of char- 
acteristic eq’jatlons by two. 

^e do not follow the ressalnder of her existence proof. In which 
she reduces the systea of characterietle eq'iations to an integral 
equation form and then applies successive approximations to obtain 
the existence of a unique solution to the general Ooursat problem. 
Instead we deal directly with the special case of the character- 
istic initial value problem by a method analogous to that of 
Chapter V. Such an approach la indicated by IT. Cl }»T’I ?fT-CIFRAHIG, 
herself, £is3 p*130, footnote G. She states. In effect, that the 
foll<'wing Theorem S car. be shown to be a consequence of Theorem 6, 
Chapter IV. We present this proof In detail and, in addition, we 
extend it to apply to the derivation of Theorem 9a aa a consequence 
of Theorem 6a. The improvement obtained corresponds to that of 
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Chapter V for the Cauchy probleo. Namaly, the requirement that 
P e C*** Is reduced to require merely that P <s C” while the con- 
clusion is altered to read "at least one solution" Instead of "one 
and only one solution"* 



TheorcKi 9 




y = ‘‘l'*) 
'I s Fj^(x) 

X r r^(y) , 

7r +'1 

U T 



, f^(x) eC* »(i;xj- S ,x^ 4- ) 

Pj,(x) eC»»([x^-^ ,Xj^ +■$!)• 

Pg{y)6 ) 



The point only point of intersection of and 

nr ^ and It la interior to both curves. SToroover, 

and f, ' (x, )f (y, ) / 1* (l*e. and do not have a ooasnon 
1 1 J? 1 t 2 

tangent at the point (x^,y^).) 

S) P , and r _ are "intrinsically characteristic" in a nsl^h- 

i 2 

borhood of their point of Intersection, l.e. they meet the neces- 
sary end sufficient condltlona, given below, that they be character** 
Istlc to any integral sijrface of 



(1.1) ?(x,y; u; p,q; r,a,t) - 0 

passing through them. As we shall see below, this bfpotheslf* 
together with hypothesis 1), tacitly implies that at the intersec- 
tion point (xj^, yx, u^) of V ^ and Pg the values r^. 



3 
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the hyperbolic condition 



F ^ - 4 F 
“l 1 




> 0 , 



Is satisfied, (notation: 




'^1* Pj_ » * 2 ^ » ^ 2 ^ ) »* 



S) P e C’** in a neighborhood of the point 



=^4) There exists one and only one integral surface Jra«u(x,y) 
of P(x,y; u;p,q; r,s,t) » 0, defined and of class C**' in a suf- 
ficiently o*all neighborhood of the point (xj^,yj) and passing 
throtigh sxibarcs of P and intersecting at the point (xj^,y,,u^). 



Theoreg 9a 

1 ) 

S) 

2)* F e C»* In a neighboi'hood of the point 

^^4)» There exists at least one integral surface etc* 

(as in Theorea 0)* 

Proof of Theoreas 0 end 9a 

<*e first perfo:'^. the coordinate transformation 
(6.1) r X 2 X - fg(7) 

y * T - fj(x) 

talcing T -j^ into the x axis, T into the y axis and the point 
(Xi, 7 i) into the origin* This tranaforiaatlon Is univalent in a 
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n«lghborhood of since the Jaoohl&n 

(6.2) 1 - f »(x )f *(y,) i 0 

112 1 

by hypothoale 1). Oaoastrioally, this »aana that 'T and nr do 
not have a corsaon tangent at their point of intersection. 

TTlthout loss, we may aes"n« homogeneoue Initial conditions. 
?or, suppose we have an into ral surface J: u*5i(x,y) of equation 
(1.1) jjassing through the curves and Hien by the above 

transforaatlon, considering (6.2)» 

(6.3) u(x,y) » u(x(x,y), y(x,y)), 
and hence for any each integral surface 

(6.4) rJ'' 2 ^(’^) s u(x,f^(x)) c u(x(x,f^(x) ), 0), 

I ^^(y) = U{f^(y),y) s «( 0,y(f (y),y)). 

Letting 



('“.5) w(x,y) at u(x,y) - u(x,0) - u(0,y) ^ u(0,0), 

and since, by hypotheaia 1), f , f , ? and e. C*», we obtain 

1 P 1 S 

(6.6) w(x,0) r w^(x,0) « w^(x,0) « 0, 

»(0,y) r w_(0,y) x w^(0,?) = 0. 

y 

Thus we may reduce the problem to that of finding a function 
w X w(x,y) which vanishes on the coordlmte axes in a vicinity of 



the origin and satisfies there the tranaformed form of equation 

( 1 . 1 ), 
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(6.7) K(x,y;L«’ + gI; D» + gl t_*+83,5?3r» 

t'+el,3Ey L« + si^— ) 

wh«r« 

(6.0) g(x,y) • ~(x,0) + u(0,y) - u(0,0). 

Th« function g la known froa the preacrlhed Initial data. 

Pot al«spllclty, we return to oar original notation and state 
the problea In this wayt 

To detonalne the function u « u(x,y) satlafylng equation (1.1) 

and the Initial conditions 

u(x,0) s u(0,y) s 0, 

where, in the notation above, 

* P/N = 5 0 

0 0^0 o o 

and 

(8.9) ?(0,0; Ot 0,0; 0, a 0) r 0. 

o 

Py hypotheala 2), there exists a unique value a^ aatlafylng 

( 6 . 0 ) . 

The character! a tic base evrvea and, a fortiori, the hyperbolic 
condition are Invariant under the transforsiatlon (6.1). (See 
n. C0';j:A>'T - D. liir^nniT £1'^ p. 304.) Moreover, the substitution 
w a u “ g also preserves the Invariance of the equation for the 
characteristic base curves and the hyperbolic condition as Is 
easily seen by differentiation of (6.7). Hence, by hypotheale 2), 
we have the hyperbolic condition 
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( 6 . 10 ) ^ 

0 o o 

while the aqaatlon for the chareeterietlc base eurve directions at 
the origin Is 

(6.11) Pj. dy® - dxdy + P^ dx^ s 0. 

o o '^O 

Hypothesis 2 ) iapllea that the coordinate axes oust be char- 
acteristic base curves* By (6.11) and (6.10) this In turn laplles 

that P = Pt - hence that P_ 0. But now the Ispllclt 

^0 o o 

I'\inctlors Theorea tells us that In the neighborhood of the point 

(0,0; 0; 0,0; 0, 0) equation (1.1) can be solved explicitly 

In the for* 

(6.12) s • f(x,y; uj p,q; r,t). 

Under hypothesis 3) or 3)*, the function f e C’*» or C*», respec- 
tively, In a neighborhood of this point. Koreover, 

(6.13) fp = ft s 0 and s - f 

o o ® 

while the hyperbolic condition becooes at the origin 

(6.14) 1-4 fj. f =1>0 

o ^0 

and the eqjatlon for the characteristic basg curves becomes 

(6.15) f dy^ + dxdy + f.dx^ r 0. 

* u 

Let us assume that we have a partlo-'lar integral surface 
J: u a u(x,y) passing through the coordinate axes In a neighbor- 
hood of the origin, with u(x,y) s c’*' in this neighborhood.. 

«e define 
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( 0 . 16 ) 



^ r \ 1* 









-2f^ -2f 

L , cr= _j: 

1+^ i-»-s 



^ ftnd CT" being of cla»« C»* by hypothesis S), or of class 
C* by hypothesis 3)*» the variables x,yj uj p,qj r,t in a 
neighborhood of the point (0,0; 0; 0,0; 0,0). The two one-para» 
eter faallies of characteristic base curves corresponding to J 
are thus represented by the equations 
(6.1?) 7^ 

(©•IS) • 

A r 

Hote that s 1» hence 0 in a neighborhood of the origin 

while 

As in Chapter V, to obtnln the systea of characteristic equa- 
tions, we transform to the characteriatlo base curves as co- 
ordinates and consider what relations ssast be satisfied along 
those coordinates for any given integral surface J. In parti- 
cular, we specialise the trans format ion 

r X s x( X » /^) 

. 7 ■ y( A 

by stipulating that a line X s constant shall have x-lnterceot 
( X »0) end a line y*, « constant shall have y-lntercept (0,^), 
with X s ^ s C at the origin. The Jacobian of this tiransforma 
tlon, evaluated at the origin, has the value 



( 6 . 10 ) 



(0.£0) X y - y X 

X o J^o X o 



o X o 



( 1 - 



A® 






X y ^ 0, 

A O ^ O 



since If X r 0, then y. « 0 by (6.17), contradicting the re- 

*0 -2 . 

qialrement that x^' + 7 r 0 along any characteristle curve. 
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SlKll*rly, ir y r 0, th«n x s 0 by (6. 18) and tha contradic- 

/^o /■ o 

tlon is again obtained* 

rarallellng our davelopsaent in Chapter V, wo see that eertain 
determinants mast vanish at each point of the integral surface J, 
yielding equations which must be satisfied along the character- 
istics on J. Ve have 



(6. SI 




where 



- [d 

X t 
»•> 0 

•x 



Vx 



="x + Vx'X'^W,’';, 



'A 



(6.22) [fl X f r + f f + f p + t . 

3t p Q U X 



also 



(6. S3) 



whore 



r L. u y t 

0 



0 



■> 






= Vx^A^ Vx^A-^W 



(C.S4) -ff + ft+fq+f. 

y • P q u 7 

rilninating e^ between (6* SI) and (6. S3), we obtain 
(6.25) ^ W ® ' 

By virtue of definitions (6*16) and equation (5*17), we may 
write (6.25) as 

(G.rr) \ s 0 
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irhera 

B»>t, as shotm abov®, ^ along any of the charaetsrlstio 

baas curTSs of J of the corroapor«3ing family, henca (6*26) radacaa 
to 

(6.23) • K( \,J^) s 0. 

•There f ^ s 0 we have iiamedlately that K( X ) = 0. Suppose 
at a particular point of J that f^ r 0. Thau by (8.16) and (6.17), 
we have there that 

Ihus, at this point, by (8.24), 

(6.30) I « (f^ Ty + M y)X^ J 

while by (6.22), 

(6.31) r^cr ® * '■/'% - W )• 

Substituting (8.50) and (6.31) Into (6.27), wo obtain that 
where s 0 on J, n( A »|^^) • 0* Hence by (C.23^^ H( X #yA) • 0 
everywhere on J and represents a relation which mat be satisfied 
along each characteristic of the corresponding family on J. 

Tor the other family of characteristics on J, we have deter- 
wlnants corresponding to (6.21) and ( 6 . 22 ) which vanish at each 
point of J. Eliminating between these and arguing In a 

fashion analorous to that above, we arrive at the following rela- 



(6.29) ^*0, ^ * 1, ^ X -fj. and y 
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tlon nrhlch !sn*t bo •atiafled along each charucterlatlo of thie 
family on J : 



arc now In a position to prescribe the nacoaeary and aaf- 
flclont oor.dltions that tho coordinate aTOs be characteristic® 
for any Integral surface of 



passing through them. 

Suppose that. In a neighborhood of the origin, the coordinate 
axes are charaotorlatlc to aome Integral surface J: usu(x,y) of 
(6.1?) passing through then. Ther In terms of the characteristic 
base curves to J as coordinates, defined by the coordinate trane- 
fomatlon (6.19), we have for m Oi 



**Ajy = 0» ysP»i*sO, q*Q(A), t«T(A)» 

where, froa (6.1?), 

(6.3S) V{\) « f( A *0; 0; 0, Q{ A)J 0» T( X )), 




( 6 . 12 ) 



o s f(x,y; u; p,q; r,t) 





^ a 1 and 



,0; 0; 0, Q( A); 0,T( A )). 



Moreover 



(B.S*-') 



Q(0) s T(0) r 0 
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'f'’q’»atlona (6.33) and (6.34) ropresent a iyotaff of flrat order 
ordinary differential equations under one point boundary condi- 
tions (6.35). The right hand aides of the equations of this sya- 
tea are of class C** under hypothesis Z) , or of class C under 
hypothesis 3) S variables A, Q and T. Hones, in either 

caso, the functions Q and T are uniquely deterctined in a neigh- 
borhood of ^ « 0. If the X axia it characteristic, these func- 
tions also satisfy 

(6.36) f^( X »0; 0; 0, Q( A ) ; 0, T( A ) ) s 0. 

f-lallarly, for X » 0* 

3c = 0» 7 • ^ f usq« t «0, p = P(^), r.Iv(^), 
where, frocT (6.12), 

(€.37) = f{0,ycj Oj P(^),0j ni^),0), 

while, fron K( \ r 0, since 

(6.33) F.*(y^) rj^Cf] ^ -h Ll’3 

Voreover, 

(6.:J ) P(0) = f.(Q « 0. 

Hence, If the y axis Is characteristic, tho functions P and H, 
uniqiisly detem’ned by (6.37), (6.38), and (6.39), araet also sat- 
isfy 



cr= fj. a 0, Si . 1 and ^ a - f^, 
(OfjA. jO j P( ^),0j R( |/c),0). 






(6.40) 0; ^(^),0; H^),0) = 0 
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To raeapit ilats, the nectsaarj condition that the x axis he a 
characteristic oT aorae integral sirface is that the functions Q 
and deterained froa the system (6.33} and (6»34), under boundary 
conditions (d»3!S)» shall satisfy (6*3C) for each X in a nslihL-or- 
hood of ^ = 0. fhe necessary condition that the y axis be a 
characteristic of «o*e lnt*» ral surface is that the functions P 
and ? detemined fron the system (6#37) and (C*33, under boimdary 
conditions (6*33), shall satisfy (6. *10) for each ^ in a neigh- 
borhood of r 0. 

to now sho« that these conditions are also sufficient, l.e. 
riven In the vicinity of the orijjln, an Integral surface 
Js u s u(x,y) of (6*12) passing throuth the coordiriate axes, with 

(6.41) Pj^(y) e Uj^(o,y), Pi(y) a * Wy(x,0), 

and T^(x) s u^(^,0), 

tPe show that the requlrcaent 

(6.40) » fy(0,yj Oj ?^(y),0,* Rj(y),0) r 0 

Is sifflclsnt that the y axis be a characteristic on J. 

The arg-iaent needed to show that the requirement 

(6.3r)» f.(x,0; 0; 0,;, (x); 0, T (x)) ^ 0 

is sufficient in order that the x axis bo a characteristic on J 
la analO£:ous to the following and will not be given here. 

e need show only that under requlrenient (6.40)', Pj^(y) r P(y) 
and ^j^(y) » f'(y), where P(y) and R(y) are those fun^’tlons obtained 
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pr»7l'>i’*ly under the eaeu^iptlon that the y-axis wa# "Intrlnalcally 
characteristic". 

How ?^(0) m Rj^(O) r 0 since u(x,0) ■ 0. !Borsovar, since O. 
satisfies 

(6.1?) s r f(x,yj u| p,qj r,t), 

for X * 0, 

(p.37)‘ ?3_'(7) r f(0,y; 0} T^iy) , 0; nj^{y),C). 

Kow, recalling that u e C’*', 



(6.4?) 



(6.42) 



s 

r 




r +- f 
>: t 



t 

X 



+W 



X 



f 



a = r„ + f . t -t- C-F] y. 
y * X “ y 



wince u(0,y) • 0, we obtain t (0,y) s 0. lirltlng r (0,y) a w(y) 

y ^ 

and substituting (6.45) into (6.4?) with x * 0, we obtain 



(6.44) a (0,y) a r^(0,y) 

r .(r) + fj. + Lf] , + L-f], 

p:it, u(0,y) = Uy(0,y) s Uyy(0,y) « 0, hence by (6.44), 

(S.J8) - Sj'(y) . ,+ fjWj + r,*(y)^](o,y; ot 

?l(y),0; Ri(y),0). 

Kow aquation (6.37) » la precisely the saae as (C.37), while 
requl resaent (6.40)* is sufficient to reduce (6.28)' to (6.35). 
ait this l:xplles that Pj^(y) * F(y) and f*j^(y) = R(y) since the 
solution of the systea of ordinary dlffeiential equations in 
question la unique. 
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In th« fortgolng arfun«nt« tre have developed a procedure for 
deter^tlnlng whether or not the initial carvee are "Intrinalcally 
characteristic". By transformation (6.1) and substitution (6.5), 

we red ce the initial curves and P ^ to the coordinate axes. 

1 2 

If now Sq can be uniquely determined frcan (6.9) we laay verify the 
hyperbolic condition and obtain the characteristic directions at 
the origin. If these directlona coincide with the coordinate 
axes, then eq’jatlon (1.1) can be sol%'ed explicitly for (6.12). 

''’ron this, the aysten (6.37) and (G.38) under boundary condition 
(6.39) can. In principle at least, be solved for functions P and 
R. Finally if P and R satisfy (5.40) then the y axis is char- 
acteristic to any integral surface of the problem, l.e. "Intrinsi- 
cally characteristic". Likewise, from the aystea (6.33) and 
(5.34) under boundary condition (6.35), the functions Q and T can 
be determined. If these satisfy (6.36) then the x axis is 
"intrinsically characteristic". Hote that R, Q and T are 
evidently of class C*. 

Having Iven hypothesis ?) a precise meaning along with a pro- 
cedure for determlnlnar whether or not It Is verified for a given 
problem, we continue with the proof under the asaurptlon that 
hypothesis ?) is verified. 

?ron equations (6.17), (6.13), (6.27), (6.32) and the strip 
conditions we obtain the following systea of characteristic equa- 
tions, which mat be satis <'i*»d along the character! stlca on any 
Integral surface Jj 



6P 



’l = ^ = ° 



(0.46) 



‘(’i = ^ ~ l”-x -° 

<Pj * "X - P*>, - 

(P4 = Px 

(C. = <ix 



‘> 



- = ° 
= 0 



£y»t«a 
A 






^3 = 
^4 = 



D 





b 

1 


s 0 


> 




O 

m 


V 


- ■ 


- 




- TT^ • 




V 


- ^“3^ ■ 


- ^- 7 ^ 




r 0 



s C 
r 0 
= 0 



Sy»to* 

B 



T^e obserTQ that Syaten A of (6.45) Is of canonical hyperbolic 
fora In r,y; u; p,q; r,t as functions of X and ^ • Since for 
Theoren 9, P e C**', while for Theoren Qa^ P e C**, the coeffici- 
ents of all equations In (6*43) are functions of class C*' for 
Theoren 9, and of class C for Hieoroa 9a« Moreover, the ssatrix 
of coefficients for Systea A is, after Interchange of rows and 
colu'C’na, 



(6.46) 



■F 

1 



« 

0 

» 

♦ 

« 



1 

-(T 

0 

nt 

* 



0 

0 

cy 2 

1 

0 

0 

0 



0 

0 

-1 

Y 

0 

0 

0 



0 

0 

0 

0 

1 

0 

0 



0 

0 

0 



c 



0 

1 

0 



0 

0 

0 

0 

0 

0 

1 



a-^cn ^ 



T^hera the co*fflslant« deelfnAted only by «flt»rleks, », do not 
contribute to the Y*lue of the deteralnant. ^it S>>0 everywhere 
on J In ft nel^;hborhno'J of the orlrln, hence the determinant 
(n-*40) does not vanish thereon. 

^3 to the initial conilt’nns, we have, by hypothesis 1) 'f 
“*heore?ns 9 and Oa for ^ r 0, 



X 9 \ t 7 * 0 , usp»r»0, qsQ.(X)» t*T(X)» 
and for X s 0, 

:x « 0, y ,u«qst*0, p* T . n(y^) 

where G, T and P,r? are do tana nod fror-i their respective aystewa 
and are of class C». Koreov r, for ^ * 0, by (6.36), fj. m 0* 
■'lence ^ s 0, S s 1# cr « - ?!ils to?:ether with 

y^ ~^X ^ (6.34) prove that 

(6.47) 5i(^pfX»^) « (^vXX»0) s ■ iI^g(A,0)* 0 

for all X in a nel^'hborhoovl of A * 0. SS-Harly, for X * 0* 
by (6.40), fy - 0. Hence CT t 0, £> s 1 and “aIiIo to- 

fother with = t^ r Uy^ s s 0 and equation (6.33) prove 
that 



(6.40) i^x(0,yx.) = f^g,(0,y^) « 

for all jjL Ixi A neighborhood of^ r 0. Thua the Initial condition 
requlrcTaents of hypothesis 3) of rheorema 6 and 6a are sac^sflod. 



Since the coefficients in (£.45) are of class C' for Theorea 
0, hypotheses 1) and 2) at Theoren 6 are satisfied. Also, slnca 
the eo^'f^lclanta In (C.4”>) a e of claea C for Theorer. Sa, the 
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ooTamon hypothsals 1) of Theox*esa 6 and 6a la satiaflad, but 
hjrpotheala S) of Thooroa 6, a hypothaaia ablch ooa not appaar la 
Th*orea 6a« la not aatlafied, rhua If wa now ahow that any aolu- 
tlon of the canonical hyperbolic ayatem, Syatea A of (6*<5), frith 
the given eharaeteriatio initial cocditiona la also a aolutlon of 
the correapondlng problea for the equation 

(6.12) a • f(x,yj a; p,q; r,t) 

vith the aaiaa initial conditional then fheoraa 9 la an isnsedlate 
consequence of Theores 6 and Theoresn 9a la an l-aaediate conaequonca 
of Theorem Oa. 

As in the Cauchy probleri ot' Chapter 5, »e ahow that for each 
aolutlon of System A undar the given characteristic initial condi- 
tions that System B ia likewise aatlafied. ?fe)te that here we can- 
not asfrmo that p»q,r and t arc dsrlvatlvoa of u; this is a taatter 
of proof. Recalling from Theorems 6 and 6a that the functions of 
the solution of System A» x,y,u,p,q,r, t are of class C* and that 
f a C*'* under hypothesis 3) of Theorem 9, or f arC** under 
hypothesis 3)* of Theorem 9a, we obtain by differentiation and 
consideration of (6.45) that 



(C.4?) 

Koreover, since r ^ s 0, 



V ■ ‘'X V 



(e.5o) fv 



Vx + ‘‘t* X + Vx + Vx Vx + ^^A + Va 
Va + ^‘X + ’'a + , 



while 



= +Cfl, 









Li 3 , 





+ f iF . + ' ‘F 

p ^ 4 q 


s 








•Phiis 


by (6.45), (6.60) and (6.51), 








( 6 . 6 ?) 


i' 4.x - % • "/< ’'x + 




^X 


-’a 


T 

h 




= =^x[^P ‘ 


K 


4 - f 

^ « 




r 

U 




+ (ill.) ? 


■X 




( 1 +, 

'2 


i.) 



• \ / 
A 



And 



-- i* X 



(r,. 53 ) = -^ 'X - > ■>> - *> > - ;;^A > 






= > ^ X ^ 7 ; 

■ *x{^P 'f 4 + t 6 + ^u * 1 ^ 3 } 

* '4^ IO'^X'1^2 + Vs* 



2 ■ ■ ~ ' 7 ^ 2 

TaJclng into account the fact that Systcra A la aatlaflcdf wo re* 

duc« (6.49), (G.52) and (6.53) to th« systca 

^ 3 .X = t^X + ^ 6 ^ 

(S.04) 1^ 4* X ~ ^x{^a f 3'^ % ^ i* T 6 

IF 5 .x =*xi"u ^3 +"P 1 ^ 4 + 




‘or fixed jyc , (G.54) r'"prceentB a eyatea of linsar, hoao- 
f'flneout, flrot order ordinary differential equatlona for the fane 
tlona ij/ ^ and {j/ ^ of the variable • Moreover, by (6.48) 
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the horoogeneoie one point bo'j.n^u.vy conditions 

acLiat be aetiaried* Honce, the unique solution for the aysta« 
(6.54) is 

' 1 ^ 3 = *^'4 = ' 1^5 = ° 



wherever the solution of systea A is defined* 
Consider the linear sl^ebr&ic system, 



(C*5o) 






The det9i*3ilnant of tala aysters, by (C*20), does not vanish in 
R neighborhood of the orl'^in, hence in this nslthborhooi there 

exists a unique solution for p and q* Sines p s u and q s u 

X y 

satisfy (6.55) they are the solution of (6*55) 
f?lr’llarly, froa 



(6.56) 




- 


i. 


h = V ■ > 


“* ^3^ $ 


we o.'taln 


r - u^ and f . 


while frowi 






(6.57) r if 


'5 = ^ • '■=‘x - 






f 

1 

II 

0 


ty ^ 

y 



we obtain the additional irforsiAtion that t • Uyy. Conseqaently, 
any solution of Systaa: A u:*der the ^Ivon characteristic Initial 
conditions satisfies the eqaetion 
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u s r(x,y; u; u . u ? ta , u ) 

X7 X y XX yy 

In a nel»,hborhood of th« point (0,0 j 0; 0,0; 0,0) and the proof 
of Theor'‘*a» 9 and Sa Is now cospleta* 

Lot T’s cSosifTMite th« problem conelderod in Th«orer.t 9 and 9a 
as Troblesu I* 5y vlrtaa of tho exposition of Chapter IV and this 
present chapter, *c may associate to this problem a particular 
Problem II, of the type considered in Hieorama 3 and Sa of Chap- 
ter II. Aa 'are have ahoen, any solution of I is a eolutlon ©f II, 
and, conversely, any solution of II is a solution of I. Where 
for I, ? <£.€*•♦, Theorem 5 tells us that the solution of the re- 
lated Problem II i a unique. Hence, as ie stated in Theorem 9, 
the solution for I 1« likewise unique. If, however, for Problem I, 
P e then ilieore*- Sa tells ue merely that the related 

Proble«e II has et least one eolutlon. Poroover, Example 1, Chap- 
ter TI, tells us that thle solution cannot be shown to be unique* 
Wist rot conolude merely from the above that for Fe C’* 
the solution to Problem J cannot be shown to be unique. We can 
say, though, that any proof for uniqueness, if such can be laade 
at all, will apparently have to be baaed upon argument o Indepcnuent 
of these of this paper. 



80 



Chapter 7II 

Th« Mixed Boundary Value Problem 

for u X f(x,y; u| u , u ). 
xy X y 

In the tencinolosy of J. HADAMAKD^llO > appendix II » p. 456, 
the mixed hyperbolle boundary value problem ie one in xhich »e 
preecxd.be the valuta of the Integral eurface alor^ tao lines 
isaulng from a point, one of which is characteristic to the sur- 
face in question, while the other Is nowhere characteristic. 

J. RADAMAIxD, in the reference above, and PICAruI?!, p.lSS, 
prove the exlatence of a unlique solution to the linear equation 

(7.1) u__ • a u, + b u„ + c u , 

a, b and c continuo'is functions of x and y alone, satisfying the 
initial conditions 

(7.2) u(x,0) s u(x,x) • 0. 

In i^eorea 10, below, we extend their conclusions to the 
equation 

(7.3) s f(x,i; uj 

maintaining initial conditions (7.2). The result Is well known, 
Isjt does not appear In the literature In the precise fora stated. 
Ue Inquire this precise stste-nent because we wish to proceed fro« 
Theorem 10 by the sethods of Chapters II and III In which we re- 
lax the Llpschlt* condition on the function f to require merely 
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th»t f b« partially Llpscliltulan. Thus wa obtain tha Improvod 
atatasont of ThaoXMsia 10a* 



Theorem 10 




1) f(x»y» «>* 



P»Q) 



e 



C(E),El 



fo ^ at 
0^ y^ / 



-a u ^ a 

-b ^ b 
-b q ^ b 



S) f Is Lipschltsian on B (as dafinod in 
Thoorao 1* ) 

S) K a, K b, whara 



« s max 1 f 1 on S 



4) Ttiaro exists ona and onlv one function u(Xjy) e C*(n)* 

nr^xTT’ 

^ «.{x»7) ^ C(R), whore R« , such that for each 

[0^7^/ 

(x,y)e ?, tha point (x,yj n(x,y); u (x,y), u (x,y))e B, and 

X y 

u (x,y) s f(x,y| u(x,y); u (x,y), u (x,y)), 
xy * y 

u(x,0) s u(x,x) c 0 for aach (x,y) e R* 



Proof 

This proof Is based upon PI CARD *s variation of the method of 
successlva approximations, \ji\ p* 359 or p* 117* Hero tha 
uniform conyargonca of the approximating fixnotlona to tha solution 
is verifiad by means of a sajorant aeries* The majorant series 
used is that obtained frosi tha approximating functions converging 
unlfoimily to the solution for tha particular linear aquation 
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(7.4) W a K (y + W 4- -S ) 

3f7 X 7 

vith th« carse Initial con^itiona. K is th« Lipschitx constant 
for the fanctlon f of (7. 3)* PICAHD applied this technique to the 
characteristic initial Talue problem, obtaining Theore* 1 of Chap- 
ter II. He thus obtained the theorem for the charaoterlstlo inltld. 
value problem for the non-linear equation (7.3) from the theorem 
for the charaot eristic initial value problem for the linear equa- 
tion (7.1), 

For the tiixed boundary value problen under consideration, a 

curious situation arises* $9 do not obtain a saajorant aeries from 

eqviatlon (7*4) under mixed initial conditions* Hoeever, ve do 

find that ssajoraut series for the characteristic initial 

value problem serves as well for this problem* itKis Theorem 10 

follows not from the theorem for the mixed boundary value problem 

for the linear equation (7.1) but from the theorem for the char- 

-acterietlc initial value problem for equation (7.1). 

It Is sufficient, as we shall demonstrate later, to show 

r 0 4 X ^ / 

existence of a unique solution in rerlon * 

L 0 ^ y ^ X 

Assuming (x,y) R , we »ay express the problem as the integral 

2 

ec’iatl on 

(7.5) u(x,y) d^ ^ 0 ^^^ • 

By differentiation, 

(7.G) u^(x,y) x^^f(x,)^ I uj u^,Uy)d)^, 



and 



G 1 



(7*7) u^(3t,y) 5^ , 7 } ^f(y» ^ 



Vo fora the successive K-'.proxiaa Slone 



(7.8) 



Ug(x.y) » “l» “ 1 .x- “i.y'o'L 



u„(x.T) x\ ^ ^ j,f(|.yj s 






where, by dlf f rentlation, 

‘’•®’ = 5 o'‘*'' 2 .‘ ““-l’ ““- 1 .x’ "“-l,y>^ 'L ' 

(Jl * 1 , ?,•••)» 

'"n,y<*'’'> -\t^'-^ ’^’ ”“-l’ X" “n-l.y>«l 



"n-l* "“-1.x’ "n^.y^'t 

(n a 1 ,S, •••,). 



Cl.nce the point (x,y| 0 ; 0 , 0 ) e S for (x,y) G R 2 , by hypothesle 
3), 

lu^(x»j)l ^ « i^-yl • •* 

^ *1^1 

\«l,y(3f>y)l 4 « ^\x - yl + lyl] 

r Mlx|4M/^b 



Thus, by Inchactlon, for all n and for any (x,y) e R, 



(7.11) 



UQ, 3 j(x,y)l 4 s/ ^ b, 

lu„]y{x,y)l ^«/4 b. 
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O-ir purpose it to show that on R 



(7.18) 



1 unlf . r 7 unlf 

"* •“* l“n.yS -^"y 



fiijch that tho function u and its dsrivatlvos satisfy conclusion 

4) for (x,y) e R . To accojipllsh this w« consider ths successlvs 

2 

approxlasa tl ors 

Wj^(x,y) s ^ 

w^(x,y) = ySd|^?K(w^+ 



(7.13) 



y • 



» (x*y) s \ <5^ \ K(w . 4 w + » , 

R J 0 J 0 R-1 ^ n-l»x n-l,y L 



whsrs, by differentiation, 

(7.14) w„^,(*.y) = [«„.1 + Vl.*+ Vl.y] >^'2 ' 

(n = 

•n.y'*'’'’ ' [ o't’n-l + ■n-l,,+ V, < I .y)«J- • 

(n - !,?,•••)• 



Here X r isax |f| on E while K is the Llpschlts constant of 
hypothesis 2). 

^*o« w^(x,y) X Mxy, hence w^(x,y) - Wj(y,x). Moreover, 
Wl^ 3 ^(x,y) ■ My, s hence »i^ 3 j(*»y) » *i,y^y>*)* 

Let us rj&ke tho inductive hypothesis that for acsse fixed 
positive integer n, 

(7.16) w (x,y) s w <y,x), w ^(x,y) - w (y,x). 
n n n ^ X r v 




n 



03 



But this lap} Its th&t 

(7.17) L’'n+-„,x + ’'n.y'l<='’y> ' t’ri + ’n.*+ 
and thus, by (7*15)» 

Wn^l<>,y) s -n+iC'/.f)- 

Also, by (7.14) and (7.15), (7.17) inpllfts that 

' 5 o' I-'n +• 'n.x + *n.y^ ‘ ? '*’^1 

= Vi.y':^'*’- 

Hf*nco, by Iriduotion, (7.16) holds for r x 1,7,***. 

PI CARD, In th« refersncss Quoted above, shows that 



(7.18) 



00 

21 w s w, 

nxl « 



00 



CD 



n-1 * *** ^1 






each unlfonaly convergent on P, where the fane tl on w and Its 

derivatives satisfy 

a K(w 4 * 4- w^)* 

(7.19) ^ X y 

w(x,0) s »(0,y) r 0. 

We now show that these aeries are ma,1orant to the aeries 

(7.P0) :2 (U -U ), X ^ v~'^n 1 

nsl n«l n l,x *^*"l*y 

rospectlvely, for each (x,y) s R^, (with Uq s 0). 

Kow, for (x,y) s Rg, 

: f(| « Ot 0,0)| < Wj^(i.y) 

;0!0.0)1 m\i . .J^^^(x,y) 
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Os 0,0)1 '.ftr.Vj^joso.o)', d 






= o"S 



Also, abbrsTlfttlng <x\r notstlon ao«oirhat:. 



So “i’ “i.x* “i.y' 

-f(g , l|j Q; 0,0)1 d 



- ’'s * 

l\ + ’l.x ^ -l.yl '*• \ =»S.X 

[’i *1.* + ’i.t! ' ? 

+ SH’'i+ ’1.X+ 

-JHV 



S ^ 



2,y* 



Hones, by induction, we obtain for n « !,?,•*• 
n' 






n 



(7.21) 



b 



u -U , < t 

n,x n~l,x 1 h,r 



n,y"'^n-l,y 



:< W 



n»y 



for each (x,y) e R, 
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Thu« th« c«rl9s of (7*18) are oAjoreuit to tho corr*»pondln3 ••rl6* 

of (7.£0). UorflOTor, th# r«q-air«Bonts for torawla* dlffex^ntia- 

tlon of an Infinlta sua are aatlafiod alnea each of the aeriea of 

(7*?0) it now knovn to be nnlforaljr convergent on n • Henco» for 

(x,y) € B , 

55 

r ® 



(7.2?) ^ 






(u -u , } s u 

n*l 

00 

^ -• ) = u 

njl n,3t n-l,x x 

o> 

^ r 'i- ■» ) * u ; 

Si ^ "-I'y y 



or. In other tors*, since ssch of these series telescopes, 

(7.£S). 
on K^s 

We now verify that the function u and Ita derivatives u and 

X 

u^satlafy the Intej^al • quatien atateaent of the problem (7*5) » 
lu(x,y) - ^ d|: ^^f ( I" ;u; u^,u^je > 2,1 

^ lu(x,y) - 

lo’' L'"’“n-1 1 + I "x^r.-!,* Wl®,* 



9 « 



bj elvea tbtre •xltta a poaltlva Integar ll« 

dapaaciln^ on ^ alon«« «ueh that n > ii 

lu(*,y) - ^ 1 u; u^,u^)dV|^ |< e (l*ZKj^), 

for (x« 7 ) a H • But ^ is arbitrarj# b«ncs the integral equation 
is satisfied* 

By (T.ll) and (7*22)* ae sc© that for any (x,y) e Rg, the 

point (x»y; u(x,y)f u (x«y), u (x*y))e B« Thus existence of a 

* ^ 

solution on H is now proved* 

IS 

To prove uniqueness^ 3st us supposs thst u. si^ u are two 



solutione on then 



I Uj{x,y)-tt (x,y)^^r r ^ 



(7JJ4) 



Jy 



J »a,3i. \ a)i 






(7.es) 



\“X.T<*»X>-“2,y<*»y>K^ 1*(S V “X,*'“X,yJ 



(7.S6) 



•»» “a* “2,»»>*2.y)l Oj’ 






s Ugi “a,**“2,y)l'‘'Z 
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ft t}* {*,,) - IlUi-U2\ ♦ ♦ l“i.y-“8.,l ><*'»>• 

C 0 ^ X ^ - 

lltn R*t] , t = *ln (1, ^ bxv« 

L 0 ^ y X 

(j/ (x,y) e 0(11*). Mor*«o7er, there exists e point (x*,y*) ^ R*such 
that ^ {x-»,y») *■ whereyA- siax ^ (x,y) on R*. But, adding 
(7.24), (7.S5) and (7«26) «e obtain 



^ ^ <x-y)y y + (x-y) ♦ y | 

^ K ^ (xy + X ♦ y) 

^ K /A_« -2l- « a » 

/ 6K /2 

hence ^ (xe,y») jiA. £ is^lies JA- 



0 and thus 



(7.27) Uj^(x,y) 

for (x,y) 6 R* 




• Ug(x,y) 

To extend this uniqueness proof to 
the dotsain we subdiTide Hg as 
shown in the diagrea. We know that 
the solution u is unique on Ho snd 
hence deteraines u(/*«y) for 
0 ^ y ^ 



But u(x.O) «* 0 by hypothesis* consequently* by Theorew 1* Chapter 
II* we have a uni^e solution u^ to the oharactez*lst io Initial 
value F>*oblen on sub^region 1. Since u^(/^*0) * ** 

have fro* the differentlel eq\iatlon that u^(/**y) « u, -(/'^y) 
for 0^ y ^ /** l.e. u and u^ have a first order contact across 
the line x » and lienee together represent a unique solution 
for the region R* ♦ 1. Analogously* by the preceding "In the 



f 



m 
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Mall** unlqaenass proof for tha slxad boundary value problem^ the 



eolation la unique in eub-region 2 and hae a first order contact 
with across the line y We continue obtaining unique aolu- 

tiona for oharaoteristie initial value and sdxed Initial value 
probleaSf alternatively as indicated by the nuaarical sequonee in 
the diagrast. These solutions have first order contacts with each 
other acrosa the eharaoteriatice fonstng the boundaries of the sub- 
regions* hsnce we have extended our uniqueness proof froe the 
region Re to the region R • 

m 

Saving thus determined the existence of a unique aolution 
aatlafying conclusion 4} throughout R * we now consider the Cauchy 
problea for region R^ with tbs sane equation and hypotheses thareon 
and with tha initial conditions 

u®(x,x) « O, u°(x,x) - Uj^^(x,x), and 



(7.88) 



ttj(x,x) » Uy. 



(x,x) for X €. 



In (7.28) u and u are the right-hand x and lower y de- 
x+ y- ^ ' 

rivativee* reopeotively« determined at each point of the line 
y ■ X by the known solution u on R « By Theorea 4, Chapter III* 
tliere exists a unique solution to this Csuohy pz*oblea for each 
(x»y)^ hence 



Uj^{x*y) 



(x,y) £ 
u(x,y) for ix,y)^ 



is the unique solution valid for each <x*y) ^ R « R R , since 

A 4 # 

Uq and u have* by prescript Ion* a first order contact acrosa the 
line y » X. This co9!pletes the proof of Theorea 10# 



99 



R«laxlns only l^pothesls 2 ) of Theopev 10, «« obtain 6h« 
following l«proveaaont t 

Tatorem lOw 

1 ) 

S}* f !• pwrtlally Llpwohltzlan on B (aw daflnad In TbeorM 

U.) 

5) 

- 4 )* Thero axiats at leaat oao function, etc* (aa In Theoron 

10 *) 



Outline of the pi;*oof : 

Aa In the proof of Theoren 10, we nay, without loss, prove 
exiatence on Rg only* For, prescribing Cauchy conditions on y « x 
as before, we say extend the solution froa H to R , by use of 

w 1 

Tbaorea 4a, Chapter III* 

In this proof we follow very closely the derivation of Tbeorea 
la. Chapter II; hence only the differences betwean the two proofs 
will be noted* 

WxIEnSTHASS* tbaorea tells us that there exist a a aaquence of 
polynoaiala, * convarglng unlfornly to f on B* We extend 

1,8, •••), and f froa B to 

by definitions analogous to (2*1)* Thera 

-00^ q<. 00 

0 S 3 

/a^conatant L >0 such that |g^\^L In B* and for all X • Wore- 



the gx » ( A 

C 0^ X ^ 
0^7 

-00 ^ 00 
-00 <^p 00 
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over, th« are "fully” Llpschitzlan In B' . Kcnc# by Theorea 
10 , (with a ->o> , b->oo), for each there exlats a unique 

function u^ such that for (jc, y)e. 



2 



(7.29) u^ ^ ,x'^A,y^‘^’2 * 



and thus 



(7.J0) u^, . 

(7.31) u ^ ^y)d| 

For (x,y) ^ R , by (7.29), (7.50) and (7.31), 

|u^(x,y)l ^ L 



(7.32) 



. ( A * 1,2,*«») 



L^(x-y) + 

l.e. the sequences ^.^X $7^ uniformly 



bounded on R • 
2 



Given two points, ^ R^,, (xg ,yg)^ Rg, we may assume. 



without loss, that Xj^ ^ Xg. Then, If y^^ 4 ^ y , let us assume 



that 




101 



(7.33) ' 



(B) 




If jg ^ X we may always choose 

a point (XyXj) *lth 

and y,^ y_</ x (as in dlagr&a(FS« 
Id 1 

Then, a 8 above. 



1“ A‘V^2’*''X<V73>H ’^1^<V*3* *2''<»2-7s>^ 

1 “ \(* 3 *» 5 >-“ • 

Adding,^ we obtain (7.33), ^urtijor if ^ yg» have the case 

shorn in diagram (C)» Here by 
integrating over the regions 
d, e and f we again obtain 
(7.33) • Hence the sequence 

ia equicontinuous on Rgi 

How, for ^ ^2* 



(C) 




rx.x<*'72'’'*A.x'**yi' - '■'vyi\ • 

Likewise, for ^ Rg* (x^*y) ^ Rg# by (7.31) 

(7.35) lu^^^yCXg.y) - ^ 1-1*2 - *1 



Moreover, by precisely the sane argument as that used to prove 
Lemma 2 of Chapter II, given JA> 0, ^>0, theie exist S > 0, 

N >0, depending only on ja. and ^ , respectively, such that for 
(Xg,y) ^ Rg, (x^,y) ^ Rg, 

X>« and [Xg - X^ \ 
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(7.S6) Wx,x<V^’ ■ “> 

^*^0 - “ A . x ' v ' Z ' lol ?*/- - i ' • 

Tiius by (•734)« (7*36) and Lonssia 1, Chapter II, the sequence 
^ l8 equlcontlnuoue on Rg. 

ffe need the following refineiaent of the argusient In order to 
ahow that the aequence ^ la equi continuous on R^s 

Let us suppose (x,j„) ^ R,., (x,j ) e R„, Without loss, 
we may asauma that x ^ jg ^ y^« Then 



'2 

(7,37) 






) d / 



7l 

Iq 



, “ x . x '^ A.y 

'Sx'v'? »“X*“A .*''‘A.y’*Sx ‘=^i'^"x*"A.x'"A.y"® 
<VV“A' “A A.y^'^’Z 



We have Just proved that the sequencaa 
are equlcontlnuous on Rg, The sequence -* certainly e(jal- 

contlmous on B’ • Hence, considering (7,35), given ^>0, there 
exiata ^>0, depending upon j/. alone, such that jyg'yi 

ry 

a.sa)\\hs)^(7.^.\f u^; “x.x*“A,y>*®A‘^i''!' “\*“A.x'"A.y”'*'l 

y.g 

-g^(|~*yijU),(j:.yi);u;^^3,(^*yi)»^x,y<^*y2))^<^^ 



lOS 



for X * •••• 

Also« since f on B*, given ^>0, there exists K > 0, 

depending upon ^ &lono« such that X>- H 

y<> 



‘^2 






By hypothesis 2)*, 
'x 



Moreover, since {X*l,2, **•), 

(7.4-;) l(%^(?.yi;u^»ttA.x«“)>,y>'‘^l^ ‘ 1 ys-^il 
J ^2^ 

lX%^<y2.|[; u^» “A.x.“A.y>*'ll ^ i-l • 



Thus by equations (7*37) through (7*41), given J\> 0, ^ P" 0, 

there exists ^>0, H > 0, depending only upon j/~ and ^ , re- 

apeetlvoly, such that | y^ and X>H 
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(7,43) 



u 


















(r.y^) 



- «S 



+ 4yA. 2^ . 



By Lemma Chapter II« Inequalities (7*35} and (7*43} imply 
that the sequence ^u^ y"^ is cqul continuous on R^* 

ProBs this point on the proof is practically identical with 
that for Theorem la* Since the sequences ^u^ 1-X..1 and 

b x„ i are uniformly bounded and equicontlnuous on Rg, we may 
apply ARZBLA’s theorem to obtain a subsequence of each, uniformly 
convergent on Rg. Konce, as for Theorem la, by successive extrac- 
tions of subsequences we obtain a subsequence h\\ 1“ xl 

converging uniformly on R to a solution u of the integral 
equatl on 

u(x,y) di C^f(^,^; u; » 



and such that for (x,y) e R 

lb 

(x,yj u(x,y); u^(x,y), u (x,y))e E* The proof for Theorem 10a 

X y 

is now comple te* 

Following 2* PICARD [7] p* 135 and p* 139, we show that the 
general statement of the mixed boundary conditions, (i.e* where u 
is prescribed along two intersecting curves, one charscterist io 
and tiie other nowhere characteristic), can be reduced to tha 
statement found in Theorems 10 and 10a, (i*a* where u(x,0) ^ 
u(x,x) * 0 for xe[0,/))« 

First, let us suppose that we prescribe 
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(7*44) 



u(x,0) * O’ (x) 



'l'(o). 



I u(x,x) « ^ (x) 
for x^[0,/), ^ (x) and ^ (x) e C*[0,/]) and (0) 
Conaider 

(7,45) w(x,y) * (f(x) 4 ^ (y) - ^ij)* 



We have « « 0 on R vhilo 

xy 

r w(x,o) * (x) 

(7.46) ] 

{_ W{X,X) e T (X) 

for X e. CO^/]. Henoa* instead of the problon with non-homogoneous 
boundary conditions (7.44)> by setting 

(7.47) ▼ « u - w 
wo may consider the problem 



(7.48) 



- f(x.w y*y, + .y) 

V (x,0) » 0 
v(x,x) * 0, 



a problem of tbe type covered by Theorems 10 and 10a. 

Second* suppose we preaci*lbe u along the characteristic 
y * 0 and the nowhei?e characteristic cxix*vo y * F(x), ifeere 
P(x) e C»(C0,/j^J), P»(x) 0 for x&lO,f^] aisd P(0) * 0. 

The coordinate transformation 

X * ?(x) 

y « y 

reduces the curve y « p(x) to the dla,yonal ^ * x since the in- 
verse exists and la of class C* on [0, P(/j^)). lioreover, 
(7.60) '"xy * *''*^^^ V 



(7.40) 
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Since F*(x) ^ 0, the forn of the dlfferentiel equation re- 
KAlns unchanged and we reduce the problen to one with initial con- 
ditions in the fora (7*44) • 

Thus the general statenent of the nixed boundary value problem 

for 

(7,3) u * f(x,y; uj u #u ) 

Aj A J 

can be reduced to the fora treated in Theorems 10 and 10a. Ke 
note that whatever continuity and Lipscnitz conditions are satis- 
fied by (7.3) before transformation (7*49) and substitution (7,47) 
aro satisfied as well after these operations are performed* 
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CHAPTF!? VIII 

EXISTS PCX TH?0rr»C BASED 0.M 7HS 
C0^CE''T 0? JP?^ ANX> LO*jrS BG'IllPDiy? OSS 



For th« ordinary dlffarential aquation y» = f(x,y) alth 
y(x^) r y^. 0. ?S»n05 ]]^lsQ, assoffilng f m«r«ly contlnuoua, glvoa 
an oTlitence proor that li eatlraly Independont oT tht claaalcal 
proofs and contain! th«3 as cnaclal cases. K« basos his proof 
on the concept of under and over fanctloas, defining (x) to 
be an under f'.’nctl on If C^(Xq) - y^ and 

(3.1) D+ (x) < f(x, q?(x)) 



and defining \|/ (x) to be an orer function If (Xq) . Tq and 
(S.P) Ti V^Cx) >f(T,\j/ (*)). 



The solutions are fo*ind to lie between the upper llrolt function g 
of the set of underftinctlona and the loaer Halt function G of the 
aet of overfunctions, g and G thesselveo being solutions# 

tl 

V. WJLIER \. 4 ~\ shows that P'lBiiOK’s proof will not carry over 
directly to apply to a eystesj. 



(3.3) y r f, (x,y. , • • • ,y ) , (1 r 

11^ n 

However, ho Is able to extend the classical theorea, obtaining 
a 8tater.ent which Is slnllar to that of r-REOF and which reduces 
to the direct analogue of P^F^'iS's thoorea In the particular case 
where the furctlons f| are wonobonically Increasing In the argu- 
ments y^,-*»,y . 
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In this C' spttr w« return to the charae terlatlc Initial value 
problen for 

(8.4) u r f(x,y: u; u , u ). 

xj * y 

o 

9e obtain results sicsllar to those of SeCLIZI- above. In the fol> 
lowlnf Theorsas 11 aiid 11a we lapx’ove the statements of Theorcaa 
1 and la. Chapter I , by the Introduction of upper and lower 
bounding function* JZ and cJ . 



Thoorest 11 (11a) 

1) f(x,yj u; p,q)sC(T), T: 



r 

V 0 « X 

0 ^ y 

^(*»y) ^ u 

p 

(c^y(x,j)^ q 



'f 

'^(x,y) 

JXy(x,y) 



f’) ( ^) * ) f 1* r,lp«chltzlan ( partially Llpachltzlan ) on T (a* 

defined in Theorem* 1 and la). 

3) The function* co{Xiy) and ^(x,y) e C»(R),Pt 

with cd (x,y) and il „_(x,y) e r(K). Moreover, 
xy 

60(x,0) s Sl(x,0) m 0 for X€.jj),/J, 

^(0,y) m H{0^r) «t 0 for y^[P,/], 

and, for each (x,y) e E, 

(8.5) ‘^_(x,y) ^ nin Hf(x,y; u; p,q)]] > 

‘ ^ v(x,y) 

(0.6) i2^(x,y) ^aax [f(x,y; u; p,q)l 

^ S(x,y) 



r 0 ^ X < / 

7 ^/ 



where 
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(Q.7) 



X 



t\ y = y 

co(x,y)< -^{x,7) 



( 0 y{r.,y)^ q^iiy(x,y) 



^ 4) ( 4) * ) There exists or^e urt& only one ( s.t least one ) function 

u(x,y) <s C»(H)» 'i-w C(R) such that for each (x,y) e R the point 

(x*y; (i^»y) U (x»y)) e T, and 

X y 

AJ -A J 

\i(x,0) r u{0,y) s 0 for each (x,y) £ H. 



Proof 



to 



^r« extend the doaaln of definition of the fuoctlon f over T 
f 0 ^ X ^ / 

P»:V 

0 ^ y ^ / by defining f(*,y; u; p,q) 




a r(x,y; uj p,q), whore 

u 2 n If 6j(r,y)<u ^ iifx,y), pisp If 6t) {x,y)^p<Jl 3 f{x,y), 

(a.B) u 2 <^(x,y) if u < ^(x,y) ps <i)^(x,y) if p<<^j^(x,y) 

u s_Q(?,y) If Ji(x,y)<c u prXl 3 ^(x,y) if -Q. 3 j(x,y)<. p 

and ^ r q if ^J„(x,y) q-^^2 (x,y) 

> 7 

q s cOjx.y) If q c.cj>(x,y) 

7 7 

? a J2y(x,y) if y(x,y) < q. 



j denr.Jtlon f la ".nifomly contlirioua and uniformly 

bounded In :^'»n»o'er, by hypoth^*#!* 2)(C)’) and (d,8) f satle- 

fles a ’'ipschltx (partial Mrschltz) condition In P*. 



110 



Fencf, by Theorea 1 (1«) Chapter II, there exieta one and only 
one (at leaat one) function aatlafying concluelon 4) (4)’) except 
that for (x,y) e K w<s are aar’ red only that the point (x,y;u(x,y)j 
(x,y),u (x,y)) ^ B** To complete the proof we must show that 

* y 

this po’. ct acirjaliy Ilea In T; l#e* we mtxat show that for each 



(x,y) e P, 



(8.9) 



CO {x,j) ^ u(x,y) (x,y) 

cOy,(x,j)^ Uj^(x,y)^ -H^(x,y} 
COy(x,y)^ «y(3ffy)< jQyCy-.y) 



To accorjpllah this, we first prove tha following letiaja: 



Is-rrrjx 3 i ) CO (x,y) ^ vt (x,y) 
^ (x,y) u(x,y) 

^ 'J3c(x,y) 



- 7 ^ 



C<? y(^»y) 



«y( 3 f.y) 






11) i2j5y(x,y) >u^y(x,y) 
_n (x,y) ^ u(x,y) 

J 2 3 j(x,y) ^ U 3 j(x,y) 



j2y(*»y) ^ ’iy(^»y) 



Proof ; ?or 1 ) , 

60 (>,y) = 






dx 



0 

y 

0 

X 



0 )„ay 4 



6 )^yay 



for all (x,y) e R 

If 



for all (x,y) e R 

If 



oV”' = 






a). 






Ths proof for li) ia analo ota. 



Ill 



To prov« ^3*9) It o’^ly r^aftln# to verify that hypot>’eal« 1) end 
11) of lesE^a 3 are eatlafled by u. By hypothesis 3) and defini- 
tion (:#8), for e<ich (r,y, <s 



j^f(x,y; nj p,q)l 



^ f(x,y; u{x,y); u (x,y), u (x,y)) 

X T 



and 



J2. _(x,y) ^ max ]^f(x,y; u; 



S(x,y) 



f(x,yj u(x,y)j u (x,y)> u (x,y)) 

* y 



'Tlais, by Lerj?*a 3, reqtilj*e!f5“nt (3.9) io acitlsflod for each (x,y}el 
and the proof of Theor^ws 11 and 11a la co*f’plete. 



It Is evident ^Apon Inspection of Theorfl^ns 11 and 11a that If, 
Instead of homoffen^ou# Initial corjdltlons, we prescribe 
u(x,0) « U(x) with U(x) e C»{ E]0,jQ), 

u{0,y) « V(y) with V(y) e C»{ 

where U(0) « v(0), then we "»‘iat require 
60 (a, 0) s-O.(x,0) « 0{x), 

(0,y) aX2.(0,y) ■ V(y)* 

The proof then £o«a throuph as before. 

The followl r, exaapie is an illustration of Theorem 11 : 



^xannle 4 



or the problem 
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(8,10) u z (2^^ - u n(x,0) ■ u(0,y) n 0, 

xy * 

-nay r«&dtlj verify th&t 

/o \ /I l/»( 2 a+l) 

(9*11) ^^(x,y) s (-1-.) ' *2 xy 

a+1 

and 

(3.12) il(x,y) B xy 

aatlfify the hypotheeoe of Pheore-i 11 for all x 0 and 

0 ^ y ^ C* s ...^. 

as ja+1 

In Chapter II »a obtained the exact eolution 

(!^.42) u(x,y) s 
ashore 

(?.«) c = 

m 

le a branch point of the solution* lio observe that as n In- 

cr'*as*a Indeflnltoly co and XL approach u froa below and above ^ 

■* 

respectively, while C approaches C froa below. 

in SL 

We see from this axanplo that It Is poaulble to obtain approxl- 
-"ate aolst’ons, uith known limits of error, and to locate singu- 
larities in the actual sol ;tion by use of ‘uhcorera 11, provided 
that ^ .1 table functions CO end XI. can be obtained. For problems 
*h«ro explicit solutions cannot be obtained in "closed fora", the 
procedure le to alter the rlfht-hand aide of the equation 

Ujjy s f{x,y; u| Uj^, u^) 

BO that an explicit eolation of the altered equation can ba ob- 



113 



ta.ln«*d 'jlng th« bo;rdary conditions. This may le*d to func- 

tions CO »nd -O. satisfying the hypotheses of Thsore» 11. (Ses 
' « RHYTORK aad motivation for equations (3.11) 

and (S,12) of ^xasipla 4 la now evident. 

When ws consider the possibility of applying, as explained 
below, the P^Kro^ nethod uslnv under and over functions to the 
characteristic IrJLtlal val’ie problem under consideration, we find 
the eltuatlon much the sane as that In the ease of a systeet of 
first order ordinary differential equations. So a *rlve at the 
unsatisfactory state of affaire wherein there is no assuranee that 
the under functione regain below the over functione thi-oughout 
the entire re^^ion on which a solution Is known to exist. In fact, 
we shall presently give an example where an under function exceeds 
an over function within the doaaln of existence of a solution. 

Recalling Inoq’aallfcies (0.1) and (6.P), we nay express the 
application of the rrRP.CR method as follows i 'A'e require both the 
tirdar and over functions to satisfy the given characteristic 
initial conditions and to be continuously differentiable and to 
'••osaesB a mixed second derivative at each point of the dossaln 




• We further stipulate that each under function, , 



shall satisfy 






for each (x,y) & H» 
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Ano.lc£Oas arpi^onts to thoae used by ?%T}*OK for the ordinary 
differential equation y‘ s f(x,y> lead to the Inequalltlee 
(P_{0,y) < for 0 < y ^ , 

if^(x,0) ^ij/^(x,0) for o^x^jl f 

for any under function and any over function ijj • These 
Inequalities , tO;&o* her with the requirement that and ^ ea’iafy 
the charaetsr5.3tic initial data on the positive x and y axes* 
insure that ^ In a sufficiently small "L” shaped strip in 
the first quadi^nt adjacent to the initial characterietlcs* 
T3nfortur.atoly* this is inadeoaete as the follosflng example demon- 
etrates. 



Txample 5 

Consider tho problem 

(C.lli) u = C, u(x,0) r u(0*y) a 0. 
xy 

Tla* 8 probl^sn has the urd.qi« solution u » 0 throughout the finite 
plane* Let 

rij^_-«Ax-Sy^ + C 

(8.16) V ^ 

[ If*? ' ■ • 

whore A, C ar.l D are positive constants* By Integration In 

('3. 16) we may obtain functions ^ and if satiefylng the initial 

conditions of (8*15}* Obviously, is an under function for all 

(x,y). Moreover, ( 1 / >0 for all (x,y) lying In the portion of 

xy 

the flret quadrant balow the parabolic arc 

y =+y s * + § » 



3?5 



ftcJ I^Minc* Y w»6t» th* r«G-.lr«K*ntfc for aii over function on & 

T'5 ^ X 

R,,: ■< nf where / le arbitrarily lar/^e out finite. 

f O ^ y ^ xU 



Tflsflning h s ^ - L(? we have 

h (x,y) •At - By® 4- C + D. 
xy 

Since h(x,0) « h(S,y) r 0, we obtain by Integration 
h(x,y) « ~ x^y - II x^y® 4 (C 4-I>) xy • 

2 r 

•^e not© that h >0 In that portion of the flrat quadrant below 
th© hyperbola branch 

V * it . 2«C4D) 

B +-i7- 

while h <0 above this branch. ?roa the diagram it le evident 

that if we require 
A ^ fC 




ii >iF 

then there exists a positive con- 
stant / such that within the cor- 
responding doc'.aln we have a 



directly applicable to t^ilR claea of probleas. 

. et^:rninff to 'acoresss 11 ar*i 11a, we observe that if, for fixed 
(x,y), f la a »'orotonlcallv Increasing fxrction for tbe arpuicents 
u, p ani q, then 

f(x,y; a)(x,y); ^y(x,y)) 

s aln rf{x, 7 J >a; p,q)l , 

S(x,y) ^ 

f(x,y; il(x,y); J2y(x,y) , _Q (x,y) )• c:ax Tf (x,yju jp,q)l . 

• S(x,yr 



and 
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jn th*. a cars tsM.y al»;cr 3) raq* J r© rer©lT that 

03^(x,y) ^ r(x,y; ^(>,y); 6),(x,y), CO (x,y)) 

^ y 

_(2 yy^^»y) > il(x,y) J -Q 3j('«»y)»XLy(3c,y)) 

for each (x,y) e f.. ri^ils Is. tt« direct arjt,lcr*.je to ?rR>C’>*a 
theorea (aae [iS^} ) and corr©eponda to tb« pr«vlou«ly a«ntlor.ed 

n 

r«.silt ol‘ ¥01,1^. for a 8jst^»t (B»5)« 

We close this chapter with the rexmrk that Iheorea* 11 and 11a 
oar. he extended l.''nedlft‘'.sly In tuo ways. First, the no^hod is 
directly epnl' cable to the Cauchy problen* s?e require the func- 
tions CO and -O. to catlefy the Cauchy initial data and observe 
that the proof of Loai-’u 3 l« essentially unehanred. Second, the 
ESthoi extends to apply to a eysten 

'\,rr * '>jS «J,T. (I • 1. •••.") 

for both characteristic and Cvachy initial value pr» scriptions. 
The •nodlflcations in the hypotheses and proof for Theorene 11 and 
I"’ 8 are obvicas. 
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